


























651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700

14 R.J. Carroll et al.

We also implemented 500 bootstraps by resampling (Y, X, W) within each population. The
results are given in Table 3. We see that the measurement errors cause significant attenuation
in the estimation of θ1. The corrected estimators have much greater variability than the naive
estimator, with variability increasing as assumptions are relaxed.

In Figure 1, we plot the sieve estimated density functions for the measurement error models
in EATS and OPEN, as well as the density functions for the latent covariates. The measurement
error density estimates are rough, as expected from the deconvolution literature, but they appear
somewhat vaguely centered at the true value of the latent variable and clearly depend upon it, the
latter being the point of most interest. The latent variable density estimates are easier to visualise

Figure 1. Analysis of the nutrition data set. Left side: sieve estimated measurement error density. Right side: sieve
estimated latent variable density.
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because W and Wa have only four levels: there is more skewness in the EATS data than in the
OPEN data.

5.2. Testing Assumption 2.3

We used the same idea as in Section 4.2 to test whether the distribution of the response given the
true covariates is the same in the two samples.

From our analysis, the measurement error variances for OPEN and EATS were estimated
as approximately 0.3 and 0.6. We generated 500 data sets where we replaced X in EATS by
X + N(0.0, 0.5) and we replaced Xa in OPEN by Xa + N(0.0, 0.3). We fit the same method
of moments estimation as in Section 4.2 but applied to these perturbed data sets. If the model
assumption fails, then we would expect to see statistically significant bias.

The results were as follows. For β1, the mean difference between the original and perturbed
estimates was 0.035 with a standard deviation 0.035. For β2, the mean difference between the
original and perturbed estimates was 0.01 with a standard deviation 0.014. For β3, the mean
difference between the original and perturbed estimates was 0.01 with a standard deviation 0.015.
It appears then that whileAssumption 2.3 may be violated in this example, the size of that violation
is not likely to be large.

We also refit the data using our sieve-based approach, which makes no assumptions that the mea-
surement errors are homoscedastic, with similar results. That is, in all cases, the mean difference
between the original and perturbed estimates were much smaller than the standard deviation of
those differences, indicating once again that the evidence that our assumptions are badly violated
is weak.

6. Summary

In the absence of knowledge about the measurement error distribution or an instrumental vari-
able such as a replicate, the use of two samples to correct for the effects of measurement error
is well established in the literature. One basic assumption in this approach is that the under-
lying regression function is the same in the two samples. However, all published papers have
assumed that the latent variable X∗ is measured exactly in one of the two samples. Our paper
does not require such validation data, and is thus the first paper to allow estimation in the
absence of knowledge about the measurement error distribution, of an instrumental variable and
of validation data.

We note two points. First, we have used the terms ‘primary’ and ‘auxiliary samples’, but of
course these can be interchanged. Second, if W is continuous, our results hold, but different
methods of proof are required.

We have provided very general conditions ensuring identifiability: essentially, we require that
the distribution of X∗ depends on exactly measured covariates, and that this distribution varies in
some way across the two data sets.

Finally, in the presence of a parametric regression model, we have provided a sieve quasi-MLE
approach to estimation, with the measurement error distribution and the distribution of the latent
variable remaining nonparametric. We derived asymptotic theory when the presumed regression
model is incorrectly or correctly specified. Simulations and two examples show that our method
has good performance despite the generality of the approach.

A long version of this paper is available at http://www.stat.tamu.edu/ftp/pub/rjcarroll/2009.
papers.directory/CCH_Long.pdf. It contains more detailed identification results, a second
empirical example, and proofs of the asymptotic normality of our sieve estimator.
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Appendix A. Mathematical Proofs

A1. Identification

Let L2(X ) denote the space of functions with
∫
X |h(x)|2 dx < ∞. Define the integral operator LX|X∗ : L2(X ∗) →

L2(X ) as

{LX|X∗h}(x) =
∫

X∗
fX|X∗ (x|x∗)h(x∗) dx∗ for any h ∈ L2(X ∗), x ∈ X .

Denote Wj = {wj } for j = 1, . . . , J and define the following operators for the primary sample

LX,Y |Wj
: L2(Y) → L2(X ), (LX,Y |Wj

h)(x) =
∫

fX,Y |W (x, u|wj )h(u) du,

LY |X∗,Wj
: L2(Y) → L2(X ∗), (LY |X∗,Wj

h)(x∗) =
∫

fY |X∗,Wj
(u|x∗)h(u) du,

LX∗|Wj
: L2(X ∗) → L2(X ∗), (LX∗|Wj

h)(x∗) = fX∗|Wj
(x∗)h(x∗).

Similarly, we may define LY,X|Wj
: L2(X ) → L2(Y). We define the operators LXa |X∗

a
: L2(X ∗) → L2(Xa), LXa,Ya |Wj

:
Lp(Y) → L2(Xa), LYa |X∗

a ,Wj
: L2(Y) → L2(X ∗), LX∗

a |Wj
: L2(X ∗) → L2(X ∗), and LYa,Xa |Wj

: L2(Xa) → L2(Y)

for the auxiliary sample in the same way. Notice that the operators LX∗|Wj
and LX∗

a |Wj
are diagonal operators, and the

operators LX,Y |Wj
and LXa,Ya |Wj

are observed from the data.

Assumption A.1 (i) LX,Y |Wj
has a right-inverse (denoted as A = (LX,Y |Wj

)−1), i.e. LX,Y |Wj
A = I. (ii) LXa,Ya |Wj

has
a right-inverse.

AssumptionA.1(i) is equivalent to saying that the adjoint operator of LX,Y |Wj
has a left-inverse, i.e. LY,X|Wj

is injective,

i.e. the set {h ∈ L2(X ) : LY,X|Wj
h = 0} = {0}.

Proof of Theorem 2.1 Under Assumption 2.1,

fX,W,Y (x, w, y) =
∫

X∗
fX|X∗ (x|x∗)fX∗,W,Y (x∗, w, y) dx∗ for all x, w, y. (A1)

For each value wj of W, Assumptions 2.1–2.3 imply that

fX,Y |W (x, y|wj ) =
∫

fX|X∗ (x|x∗)fY |X∗,W (y|x∗, wj )fX∗|Wj
(x∗) dx∗, (A2)

fXa,Ya |Wa (x, y|wj ) =
∫

fXa |X∗
a
(x|x∗)fY |X∗,W (y|x∗, wj )fX∗

a |Wj
(x∗) dx∗ (A3)

By Equation (A2) and the definition of the operators, we have, for any function h ∈ L2(Y),

(LX,Y |Wj
h)(x) =

∫
fX,Y |Wj

(x, u|wj )h(u) du

=
∫ (∫

fX|X∗ (x|x∗)fY |X∗,W (u|x∗, wj )fX∗|Wj
(x∗) dx∗

)
h(u) du

=
∫

fX|X∗ (x|x∗)fX∗|Wj
(x∗)

(∫
fY |X∗,W (u|x∗, wj )h(u) du

)
dx∗

=
∫

fX|X∗ (x|x∗)fX∗|Wj
(x∗)(LY |X∗,Wj

h)(x∗) dx∗

=
∫

fX|X∗ (x|x∗)(LX∗|Wj
LY |X∗,Wj

h)(x∗) dx∗

= (LX|X∗LX∗|Wj
LY |X∗,Wj

h)(x).

This means we have the operator equivalence

LX,Y |Wj
= LX|X∗LX∗|Wj

LY |X∗,Wj
(A4)

in the primary sample. Similarly, we have in the auxiliary sample,

LXa,Ya |Wj
= LXa |X∗

a
LX∗

a |Wj
LY |X∗,Wj

. (A5)
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note that the left-hand sides of Equations (A4) and (A5) are observed. Assumptions 2.4 and A.1 imply that all the operators
involved in Equations (A4) and (A5) are invertible. Hence

LXa,Ya |Wj
L−1

X,Y |Wj
= LXa |X∗

a
LX∗

a |Wj
L−1

X∗|Wj
L−1

X|X∗ . (A6)

This equation holds for all Wi and Wj . We may then eliminate LX|X∗ to have

L
ij

Xa,Xa
≡ (LXa,Ya |Wj

L−1
X,Y |Wj

)(LXa,Ya |Wi
L−1

X,Y |Wi
)−1 = LXa |X∗

a
L

ij

X∗
a
L−1

Xa |X∗
a
. (A7)

The operator L
ij

Xa,Xa
on the left-hand side is observed for all i and j . An important observation is that the operator L

ij

X∗
a

≡
(LX∗

a |Wj
L−1

X∗|Wj
LX∗|Wi

L−1
X∗

a |Wi
) : L2(X ∗) → L2(X ∗) is a diagonal operator defined as (L

ij

X∗
a
h)(x∗) ≡ k

ij

X∗
a
(x∗)h(x∗) with

k
ij

X∗
a
(x∗) defined in Equation (1). Equation (A7) implies a diagonalisation of an observed operator L

ij

Xa,Xa
. An eigenvalue

of L
ij

Xa,Xa
equalskij

X∗
a
(x∗) for a value of x∗, which corresponds to an eigenfunction fXa |X∗

a
(·|x∗).

We now show the identification of fXa |X∗
a

and k
ij

X∗
a
(x∗). First, we require the operator L

ij

Xa,Xa
to be bounded so that the

diagonal decomposition may be unique [28, Theorem XV.4.3.5, p. 1939]. Equation (A7) implies that the operator L
ij

Xa,Xa

has the same spectrum as the diagonal operator L
ij

X∗
a
. Since an operator is bounded by the largest element of its spectrum,

Assumption 2.5 guarantees that the operator L
ij

Xa,Xa
is bounded. Second, although it implies a diagonalisation of the

operator L
ij

Xa,Xa
, Equation (A7) does not guarantee distinctive eigenvalues. However, such ambiguity can be eliminated

by noting that the observed operators L
ij

Xa,Xa
for all i, j share the same eigenfunctions fXa |X∗

a
(·|x∗). Assumption 2.5

guarantees that, for any two different eigenfunctions fXa |X∗
a
(·|x∗

1 ) and fXa |X∗
a
(·|x∗

2 ), one can always find two subsets

Wj and Wi such that the two different eigenfunctions correspond to two different eigenvalues k
ij

X∗
a
(x∗

1 ) and k
ij

X∗
a
(x∗

2 ) and,
therefore, are identified. �

The third ambiguity is that, for a given value of x∗, an eigenfunction fXa |X∗
a
(·|x∗) times a constant is still an

eigenfunction corresponding to x∗. This ambiguity is eliminated by noting that
∫

fXa |X∗
a
(x|x∗) dx = 1 for all x∗.

Fourth, in order to fully identify each eigenfunction, i.e. fXa |X∗
a
, we need to identify the exact value of x∗ in each

eigenfunction fXa |X∗
a
(·|x∗). However, note that assumption 2.6 identifies the exact value of x∗ for each eigenfunction

fXa |X∗
a
(·|x∗).

After fully identifying the density function fXa |X∗
a
, we now show that the density of interest fY |X∗,W and fX|X∗

are also identified. By Equation (A3), we have fXa,Ya |Wa = LXa |X∗
a
fYa,X∗

a |Wa
. By the injectivity of operator LXa |X∗

a
,

the joint density fYa,X∗
a |Wa

may be identified as follows: fYa,X∗
a |Wa

= L−1
Xa |X∗

a
fXa,Ya |Wa . Assumption 2.3 implies that

fYa |X∗
a ,Wa

= fY |X∗,W so that we may identify fY |X∗,W through

fY |X∗,W (y|x∗, w) = fYa,X∗
a |Wa

(y, x∗|w)∫
fYa,X∗

a |Wa
(y, x∗|w) dy

for all x∗ and w.

By equation (A4) and the injectivity of the identified operator LY |X∗,Wj
, we have

LX|X∗LX∗|Wj
= LX,Y |Wj

L−1
Y |X∗,Wj

. (A8)

The left-hand side of Equation (A8) equals an operator with the kernel function fX,X∗|W=wj
≡ fX|X∗fX∗|W=wj

. Since
the right-hand side of Equation (A8) has been identified, the kernel fX,X∗|W=wj

on the left-hand side is also identified.
We may then identify fX|X∗ through

fX|X∗ (x|x∗) = fX,X∗|W=wj
(x, x∗)∫

fX,X∗|W=wj
(x, x∗) dx

for all x∗ ∈ X ∗.

A2. Conditions and asymptotic normality of sieve Q-MLE

A2.1. Rates of convergence

Given consistency Lemma 3.1, we can restrict our attention to a shrinking ‖ · ‖s -neighborhood around α0. Let A0s ≡ {α ∈
A : ‖α − α0‖s = o(1), ‖α‖s ≤ c0 < c} and A0sn ≡ {α ∈ An : ‖α − α0‖s = o(1), ‖α‖s ≤ c0 < c}. We assume that both
A0s and A0sn are convex parameter spaces, and that �(Zi ; α + τv) is twice continuously differentiable at τ = 0 for almost
all Zi and any direction v ∈ A0s .



901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950

Journal of Nonparametric Statistics 19

We define the pathwise first and second derivatives of the sieve loglikelihood in the direction v as

d�(Zi ; α)

dα
[v] ≡ d�(Zi ; α + τv)

dτ

∣∣∣∣
τ=0

; d2�(Zi ; α)

dαdαT
[v, v] ≡ d2�(Zi ; α + τv)

dτ 2

∣∣∣∣
τ=0

.

Following Ai and Chen (2007), for any α1, α2 ∈ A0s , we define a pseudo metric ‖ · ‖2 as

‖α1 − α2‖2 ≡
√

−E

(
d2�(Zi ; α0)

dαdαT
[α1 − α2, α1 − α2]

)
.

We show that α̂n converges to α0 at a rate faster than n−1/4 under the pseudo metric ‖ · ‖2 and the following assumptions:

Assumption A.2 (i) ςj > γj for j = 1, 1a, 2; (ii) max{k−γ1/2
1,n , k

−γ1a/2
1a,n , k

−γ2
2,n } = o([n + na]−1/4).

Assumption A.3 (i) A0s is convex at α0 and θ0 ∈ int (�); (ii) �(Zi ; α) is twice continuously pathwise differentiable
with respect to α ∈ A0s , and log g(y|x∗, w; θ) is twice continuously differentiable at θ0.

Assumption A.4

sup
α̃∈A0s

sup
α∈A0sn

∣∣∣∣d�(Zi ; α̃)

dα

[
α − α0

‖α − α0‖s

]∣∣∣∣ ≤ U(Zi)

for a random variable U(Zi) with E{[U(Zi)]2} < ∞.

Assumption A.5

(i) sup
v∈A0s :‖v‖s=1

−E

(
d2�(Zi ; α0)

dαdαT
[v, v]

)
≤ C < ∞;

(ii) uniformly over α̃ ∈ A0s and α ∈ A0sn, we have

−E

(
d2�(Zi ; α̃)

dαdαT
[α − α0, α − α0]

)
= ‖α − α0‖2

2 × {1 + o(1)}.

The assumptions are straightforward and standard. The following convergence rate theorem is a direct application of
[27, Theorem 3.2] to the local parameter space A0s and the local sieve space A0sn; hence, we omit its proof.

Theorem A.1 Let γ ≡ min{γ1/2, γ1a/2, γ2} > 1/2. Under assumptions 3.1–A.5, if k1,n = O([n + na]1/(γ1+1)), k1a,n =
O([n + na]1/(γ1a+1)), and k2,n = O([n + na]1/(2γ2+1)), then

‖α̂n − α0‖2 = OP ([n + na]−γ /(2γ+1)) = oP ([n + na]−1/4).

A2.2. Conditions for asymptotic normality

We also define an inner product corresponding to the pseudo metric ‖ · ‖2:

〈v1, v2〉2 ≡ −E

[
d2�(Zi ; α0)

dαdαT
[v1, v2]

]
,

where
d2�(Zi ; α0)

dαdαT
[v1, v2] ≡ d2�(Zi ; α0 + τ1v1 + τ2v2)

dτ1 dτ2
|τ1=τ2=0.

Let V denote the closure of the linear span of A−{α0} under the metric ‖ · ‖2. Then (V, ‖ · ‖2) is a Hilbert space and we can
represent V = R

dθ × U with U ≡ F1 × F1a × F2 × F2 − {(f01, f01a, f02, f02a)}. Let h = (f1, f1a, f2, f2a) denote all
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the unknown densities. The pathwise first derivative can be written as

d�(Zi ; α0)

dα
[α − α0] = d�(Zi ; α0)

dθT
(θ − θ0) + d�(Z; α0)

dh
[h − h0]

=
(

d�(Zi ; α0)

dθT
− d�(Z; α0)

dh
[μ]
)

(θ − θ0),

with h − h0 ≡ −μ × (θ − θ0), and in which

d�(Z; α0)

dh
[h − h0] = d�(Z; θ0, h0(1 − τ) + τh)

dτ
|τ=0

= d�(Zi ; α0)

df1
[f1 − f01] + d�(Zi ; α0)

df1a

[f1a − f01a]

+ d�(Zi ; α0)

df2
[f2 − f02] + d�(Zi ; α0)

df2a

[f2a − f02a].

Note that

E

(
d2�(Zi ; α0)

dαdαT
[α − α0, α − α0]

)
= (θ − θ0)

TE

(
d2�(Zi ; α0)

dθdθT
− 2

d2�(Z; α0)

dθdhT
[μ] + d2�(Z; α0)

dh dhT
[μ, μ]

)
(θ − θ0),

with h − h0 ≡ −μ × (θ − θ0), and in which

d2�(Z; α0)

dθdhT
[h − h0] = d(∂�(Z; θ0, h0(1 − τ) + τh)/∂θ)

dτ
|τ=0,

d2�(Z; α0)

dh dhT
[h − h0, h − h0] = d2�(Z; θ0, h0(1 − τ) + τh)

dτ 2
|τ=0.

For each component θk (of θ ), k = 1, . . . , dθ , suppose there exists a μ∗k ∈ U that solves:

μ∗k : inf
μk∈U

E

{
−
(

∂2�(Z; α0)

∂θk∂θk
− 2

d2�(Z; α0)

∂θkdhT
[μk] + d2�(Z; α0)

dh dhT
[μk, μk]

)}
.

Denote μ∗ = (μ∗1, μ∗2, . . . , μ∗dθ ) with each μ∗k ∈ U , and

d�(Z; α0)

dh
[μ∗] =

(
d�(Z; α0)

dh
[μ∗1], . . . , d�(Z; α0)

dh
[μ∗dθ ]

)
,

d2�(Z; α0)

∂θdhT
[μ∗] =

(
d2�(Z; α0)

∂θdh
[μ∗1], . . . , d2�(Z; α0)

∂θdh
[μ∗dθ ]

)
,

d2�(Z; α0)

dh dhT
[μ∗, μ∗] =

⎛⎜⎜⎜⎝
d2�(Z; α0)

dh dhT
[μ∗1, μ∗1] · · · d2�(Z; α0)

dh dhT
[μ∗1, μ∗dθ ]

· · · · · · · · ·
d2�(Z; α0)

dh dhT
[μ∗dθ , μ∗1] · · · d2�(Z; α0)

dh dhT
[μ∗dθ , μ∗dθ ]

⎞⎟⎟⎟⎠.

Also denote

V∗ ≡ −E

(
∂2�(Z; α0)

∂θ∂θT
− 2

d2�(Z; α0)

∂θdhT
[μ∗] + d2�(Z; α0)

dh dhT
[μ∗, μ∗]

)
. (A9)

Now we consider a linear functional of α, which is λTθ for any λ ∈ R
dθ with λ �= 0. Since

sup
α−α0 �=0

|λT(θ − θ0)|2
‖α − α0‖2

2

= sup
θ �=θ0,μ�=0

(θ − θ0)
TλλT(θ − θ0)

(θ − θ0)
TE{−((d2�(Zi ; α0))/(dθdθT) − 2(d2�(Z; α0))/(dθdhT)[μ]

+(d2�(Z; α0))/(dh dhT)[μ, μ])}(θ − θ0)

= λT(V∗)−1λ,

the functional λT(θ − θ0) is bounded if and only if the matrix V∗ is nonsingular.
Suppose that V∗ is nonsingular. For any fixed λ �= 0, denote υ∗ ≡ (v∗

θ , v∗
h) with v∗

θ ≡ (V∗)−1λ and v∗
h ≡ −μ∗ × v∗

θ .
Then the Riesz representation theorem implies: λT(θ − θ0) = 〈υ∗, α − α0〉2 for all α ∈ A. In the longer version of this
paper, we establish the following:

λT(θ̂n − θ0) = 〈υ∗, α̂n − α0〉2 = 1

n + na

n+na∑
i=1

d�(Zi ; α0)

dα
[υ∗] + op{(n + na)

−1/2}. (A10)

Denote N0 = {α ∈ A0s : ‖α − α0‖2 = o([n + na]−1/4)} and N0n = {α ∈ A0sn : ‖α − α0‖2 = o([n + na]−1/4)}. We
impose the following additional conditions for asymptotic normality of sieve quasi MLE θ̂n:
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Assumption A.6 μ∗ exists (i.e. μ∗k ∈ U for k = 1, . . . , dθ ), and V∗ is positive-definite.

Assumption A.7 There is a υ∗
n ∈ An−{α0}, such that ‖υ∗

n − υ∗‖2 = o(1) and ‖υ∗
n − υ∗‖2 × ‖α̂n − α0‖2 =

oP (1/
√

n + na).

Assumption A.8 There is a random variable U(Zi) with E{[U(Zi)]2} < ∞ and a non-negative measurable function η

with limδ→0 η(δ) = 0, such that, for all α ∈ N0n,

sup
α∈N0

∣∣∣∣d2�(Zi ; α)

dαdαT
[α − α0, υ

∗
n ]
∣∣∣∣ ≤ U(Zi) × η(‖α − α0‖s ).

Assumption A.9 Uniformly over α ∈ N0 and α ∈ N0n,

E

(
d2�(Zi ; α)

dαdαT
[α − α0, υ

∗
n ] − d2�(Zi ; α0)

dαdαT
[α − α0, υ

∗
n ]
)

= o

(
1√

n + na

)
.

Assumption A.10 E{((d�(Zi ; α0))/(dα)[υ∗
n − υ∗])2} goes to zero as ‖υ∗

n − υ∗‖2 goes to zero.

AssumptionA.10 is automatically satisfied when the latent parametric model is correctly specified. Recall the definitions
of Fisher inner product and the Fisher norm:

〈v1, v2〉 ≡ E

{(
d�(Zi ; α0)

dα
[v1]
)(

d�(Zi ; α0)

dα
[v2]
)}

, ‖v‖ ≡ √〈v, v〉.

Under correct specification, g(y|x∗, w; θ0) = fY |X∗,W (y|x∗, w), it can be shown that ‖v‖ = ‖v‖2 and 〈v1, v2〉 =
〈v1, v2〉2. Thus, the space V is also the closure of the linear span of A−{α0} under the Fisher metric ‖ · ‖.

Suppose that θ has dθ components, and write its kth component as θk . Write μ∗ = (μ∗1, μ∗2, . . . , μ∗dθ ), where we
compute μ∗k ≡ (μ∗k

1 , μ∗k
1a, μ

∗k
2 , μ∗k

2a)
T ∈ U as the solution to

inf
μk∈U

E

{(
d�(Zi ; α0)

dθk
− d�(Zi ; α0)

dh
[μk]

)2
}

= inf
(μ1,μ1a ,μ2,μ2a )T∈U

E

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝

d�(Zi ; α0)

dθk
− d�(Zi ; α0)

df1
[μ1] − d�(Zi ; α0)

df1a

[μ1a]

− d�(Zi ; α0)

df2
[μ2] − d�(Zi ; α0)

df2a

[μ2a]

⎞⎟⎟⎠
2⎫⎪⎪⎬⎪⎪⎭.

Implicitly, this defines (d�(Zi ; α0))/dh[μ∗]. Then Sθ0 ≡ (d�(Zi ; α0))/dθT − (d�(Zi ; α0))/dh[μ∗] becomes the semi-
parametric efficient score for θ0, and

I∗ ≡ E[ST
θ0

Sθ0 ] = V∗ (A11)
becomes the semiparametric information bound for θ0.

We refer readers to the longer version for the proof of the asymptotic normality Theorem 3.1.




