Optimal Cartel Pricing
in the Presence of an Antitrust Authority*

Joseph E. Harrington, Jr.
Department of Economics
The Johns Hopkins University
Baltimore, MD 21218
410-516-7615, -7600 (Fax)
joe.harrington@jhu.edu
www.econ. jhu.edu/People/Harrington

May 28, 2001, Revised November 5, 2001
JEL Classification: L1, 14
Key Words: Collusion, Cartel Detection, Antitrust Policy

Abstract

Assuming that the probability a cartel is detected depends on the price it sets,
optimal cartel pricing is characterized. When detection depends only on the price
level, the optimal price path has a “tendency” to decrease over time. When
detection depends only on price changes, the optimal price path is increasing
over time. In that case, the steady-state cartel price is decreasing in the damage
multiple but is independent of the level of fines. Hence, if there are only fines
then the steady-state cartel price is the price that emerges in the absence of
antitrust laws - the simple monopoly price.

*I want to thank Bates, White and Ballantine for re-stimulating my interest in this topic. I'd
also like to acknowledge the comments of Myong Chang, with whom I originally discussed this topic
more than ten years ago, Jimmy Chan, Fred Chen, seminar participants at Wake Forest, Toronto,
conference participants at EARIE 2001, and the enthusiastic research assistance of Joe Chen.



1 Introduction

Since the beginning of FY 1997, the Antitrust Division has prosecuted
international cartels affecting over $10 billion in U.S. commerce ... [These
cartels] have been bigger, in terms of the volume of affected commerce
and the amount of harm caused to American businesses and consumers,
than any conspiracies previously encountered by the Antitrust Division.
[Annual Report, Antitrust Division, United States Department of Justice,

1999: pp. 5-6]
International cartels are estimated to represent a drain of hundreds of
millions of euros on the European economy. ... Since 1998, the number of

cartel cases investigated by the Commission has increased dramatically.
[European Community Competition Policy, XXXth Report on Competi-
tion Policy, 2000: pp. 24-25]

As these quotes from American and European antitrust authorities suggest, price-
fixing remains a perennial problem which makes it all the more important that we
understand when cartels form and, when they do form, how they behave. Such
understanding provides the basis for detecting cartels and developing policies to deter
their formation.

Of course, there is a voluminous literature on collusive pricing.! Research has
examined the impact on the price level and price path of demand movements,? multi-
market overlap,® product differentiation,* firm asymmetries,” and investment, entry,
and exit.® Some work allows for imperfect monitoring of firm compliance with the
collusive agreement’ and when firms have private information.® In spite of all of
this work, an important dimension to price-fixing cartels has largely been ignored.
In light of the illegality of price-fixing, a critical goal faced by a cartel is to
avoid the appearance that there is a cartel. Firms want to raise prices but
not suspicions that they are coordinating their behavior. If high prices or rapidly
increasing prices or, more generally, anomalous price movements may make customers

'The classic papers are Friedman (1971) and Abreu (1986).

*Rotemberg and Saloner (1986), Haltiwanger and Harrington (1991), Kandori (1991), and Bagwell
and Staiger (1997).

*Harrington (1987), Bernheim and Whinston (1990), and Spagnolo (1999).

‘Deneckere (1983), Chang (1991, 1992), Ross (1992), Friedman and Thisse (1993), and Raith
(1996).

*Radner (1977), Osborne and Pitchik (1983, 1987), Bae (1987), Harrington (1987a, 1991a), and
Rothschild (1999) and see the work on collusion with investment.

%Brock and Scheinkman (1985), Benoit and Krishna (1987, 1991), Harrington (1989b, 1991b),
Davidson and Deneckere (1990), Fershtman and Gandal (1994), Fershtman and Muller (1986), Staiger
and Wolak (1992), Eswaran (1997), Brod and Shivakumar (1999), Fershtman and Pakes (2000), and
de Roos (2000).

"Stigler (1964), Green and Porter (1984), Porter (1983), Abreu, Pearce and Stachetti (1986), and
Aoyagi (2000).

8 Athey and Bagwell (1999) and Athey, Bagwell, and Sanchirico (2000). Also see Roberts (1985),
Kihlstrom and Vives (1989), Cramton and Palfrey (1990) and Kihlstrom and Vives (1992) for early
work in a non-repeated game setting.



and the antitrust authorities suspicious that a cartel is operating, one would expect
this to have implications for how the cartel prices.

The objective of this research project is to explore the implications for cartel
pricing in the presence of detection considerations. Some of the questions to be
addressed include: What are the properties of the collusive price path when a cartel
takes into account the possibility of detection? How does the process of detection
influence those properties? How does the price path respond to antitrust policy? Are
damages or fines more effective at discouraging collusion?

In this paper, the joint profit maximizing price path is characterized under various
assumptions about how the price path might influence detection. For when detection
depends only on the level of price, it is shown that the cartel initially raises price and
then “tends” to reduce it. For when detection depends on the change in price, the
cartel instead gradually raises price. For that case, it is shown that the steady-state
cartel price is decreasing in the damage multiple and the probability of detection
but is independent of the level of fines. Furthermore, if fines are the only penalty,
the cartel’s steady-state price is the same as in the absence of antitrust laws, though
fines do affect the path to the steady-state. Finally, a more stringent standard for
calculating damages actually increases the steady-state price though it may dissuade
firms from colluding at all.

Related Work A few papers have investigated, in a static setting, optimal cartel
pricing under the constraint of possible detection. Block, Nold, and Sidak (1981)
consider a static oligopoly model in which the probability of detection depends on the
price-cost margin and the penalty is a multiple of above-normal profits. They show
that the optimal cartel price is below the monopoly price and that the cartel price is
decreasing in the penalty multiple and in the level of enforcement expenditures (higher
levels of which raise the probability of detection). Spiller (1986), Salant (1987), and
Baker (1988) extend this type of model to allow buyers to adjust their purchases
under the anticipation that they may be able to collect multiple damages if sellers
are shown to have been colluding. Also within a static setting, Besanko and Spulber
(1989, 1990), LaCasse (1995), Polo (1997), and Said (2001) have explored a context in
which firms have private information, which influences whether or not they collude,
and either the government or buyers must decide whether to pursue costly legal
action.” Two papers have considered a dynamic setting. Cyrenne (1999) modifies
Green and Porter (1984) by assuming that a price war, and the ensuing raising of
price after the war, results in detection for sure and with it a fixed fine. Hence,
the antitrust authority serves to lower the punishment payoff associated with price
falling below the trigger price. This loosens up incentive compatibility constraints
and makes collusion easier! Motta and Polo (2001) consider the effects of leniency
programs on the incentives to collude in a repeated game of perfect monitoring. In
that model, the probability the cartel is detected is assumed fixed. While these papers
raises some of the same issues, they exclude the sources of dynamics that are the foci

Also, Levy and Rodriquez (1987) investigate cartel pricing when an antitrust case is pending
and price influences the rate of entry but not the timing of a decision nor the payoff in the event of
being found guilty of colluding.



of our analysis. Specifically, central in our model is how the price path influences the
probability of detection and the penalty in the event of detection.

2 Model

The representative firm’s profit when all firms charge a price of P is denoted 7 (P) . If
total market demand is D (P) when the common price is P and a firm’s cost function
is C'(-) then the profit function takes the form

™ (P) =P (D(P)/n)—C(D(P)/n)

given n > 2 firms. € is the set of feasible prices. In the absence of the formation of
a cartel, a symmetric equilibrium is assumed to exist which entails a price of P and
firm profit of ™ > 0.

If firms form a cartel, they periodically meet to determine price (with these meet-
ing providing the “smoking gun” if an investigation is pursued).'® The price in period
t is denoted P* and each firm earns profit of w (P*). The cartel is detected with some
probability and incurs some level of expected damages in that event. Detection can
be viewed as the end of the horizon with a terminal payoff of [x/ (1 —§)] — D' — F
where D! is a firm’s (expected) damages in the event the cartel is detected and F
is any (expected) fines.!! If not detected, collusion continues on to the next period.
There is an infinite number of periods. Penalties and fines are assumed to be suffi-
ciently bounded from above for all histories so that the expected present value of a
firm’s income stream is always positive (that is, bankruptcy is avoided).

Damages are assumed to evolve in the following manner:

D' = 3D" ' +4d (P') where 3 €[0,1),v > 0.

As time progresses, damages incurred in previous periods become increasingly difficult
to document and 1 — 3 measures the rate of the deterioration of the evidence.!?
d (Pt) is the level of damages incurred in the current period where 7y is the multiple
of damages that a firm can expect to pay if found caught colluding. While U.S.
antitrust law specifies treble damages, v could be less than three because a case is
settled out-of-court. Single damages is not unusual for an out-of-court settlement.!?
Furthermore, the probability of being found guilty conditional on an investigation is

"For another model encompassing meetings, see McCutcheon (1997).

"Tn this model, damages refers to any penalty that is sensitive to the price charged and the length
of time the cartel has been in place while fines refer to penalties that are fixed with respect to the
endogenous variables. Also, one could allow for the cartel to be reestablished sometime in the future
and I suspect many results would not change.

12 Assuming a depreciation rate to damages is important analytically as it bounds the penalty.
An alternative approach is to impose a statute of limitations so that the damage penalty is the
sum of damages incurred over a bounded number of periods into the past. I conjecture the same
type of insight would emerge under such an assumption. I thank Ted O’Donoghue for making this
suggestion.

'3See Connor (2001) and White (2001) for some estimates of damages associated with the lysine
cartel.



embedded in ~. In that case, v could be less than one. While this structure is not
presumed in our analysis, current antitrust practice calculates damages as follows:
d(P) = (pt - ﬁ) (D (PY) /n) 1

Detection of a cartel can occur from many sources; some of which are related to
price - such as customer complaints - and some of which are unrelated to price - such
as internal whistleblowers and incidental detection by virtue of an unrelated legal
case.! Even if the bulk of the probability of detection is from the latter sources,
as long as price movements affect the likelihood that customers become suspicious
then detection considerations will influence cartel pricing. The probability of a cartel
being detected in period ¢ is denoted ¢ (P!, P'"!) and is assumed to depend at
most on the current price and the previous period’s price. Intuitively, high prices
and/or anomalous price movements (not easily explained by a non-collusive model)
may causes customers to become suspicious and pursue legal action or share their
suspicions with the antitrust authorities.'® Implicitly, buyers are assumed to be
forgetful in that their likelihood of becoming suspicious about collusion depends only
on the current and previous price. Future analysis will consider allowing buyers to be
more strategic in their analysis in which case the entire price history may be relevant.
One can interpret ¢ <]3, ﬁ) , which is not resticted to be zero, as a baseline probability
of detection driven by, for example, internal whistleblowers.

In period 1, firms have the choice of forming a cartel, and risking detection and
damages, or earning non-collusive profit of 7. If they choose the former, they can,
at any time, choose to discontinue colluding. In that event, it is assumed they’ll
never collude again and receive a terminal payoff of [7/(1—6)] — o (P!, D)
where the last period of collusion is period ¢ — 1. o (P!, D*~1) is to be interpreted
as the present value of the expected penalty when collusion is discovered after the
dissolution of the cartel (for example, by a whistleblower).

For the purposes of establishing the existence of an optimal cartel price path, the
following assumptions are imposed. Additional structure will be required to derive
properties of that path.

Al Q C Ry is compact.
A2 7:Q — R is bounded and continuously differentiable.

A3 d: Q) — Ry is bounded, continuously differentiable, and non-decreasing.

Y1f damages are based on consumer surplus then, using a linear approximation, d(Pt) =

(P =P) [(2) (D (P") /n) + (2) (P (P) /n)]

5For a data set of 49 price-fixing cases, Hay and Kelley (1974) reviews the various ways in which
collusion was detected. For example, 12 cartels were identified through a Grand Jury investigation
of an unrelated case and 13 through a complaint by a customer or a local, state, or federal agency.

16The Nasdaq case is one in which truly anomalous pricing resulted in suspicions about collusion.
It was scholars rather than market participants who observed that dealers avoided odd quotes and
ultimately explained it as a form of collusive behavior (Christie and Schultz, 1994). Though the
market-makers were not found guilty of a Sherman Act violation, they did pay an out-of-court
settlement of around $1 billion.



A4 ¢: 0% —[0,1] is continuous.
A5 0:Q xR, — R, is bounded, continuous and non-decreasing.

A6 3P™ > P such that 7' (P) % 0as P § pm™.

Ifd(P) = (P - ]3) (D (P) /n) then d could be decreasing for sufficiently high

prices which contradicts A3. However, under reasonable assumptions on demand
and cost functions, d is decreasing only for prices at which 7 is decreasing which
means that d’ (P) < 0 only if P > P™. As it is generally not optimal for the cartel
to price above the simple monopoly price, assuming that the damage function is
non-decreasing in price is made without loss of generality.'”

The cartel chooses an infinite price path so as to maximize the expected sum of
discounted income where 6 € (0, 1) is its discount factor. To break indifference, firms
are assumed to collude if they are indifferent between colluding and not colluding.

The focus of this paper is on detection through the level and movements of the
average (or common) price. Another method of detection is by observing inter-firm
price dispersion; do firms’ prices move in parallel? While we know, of course, that
identical prices and parallel price movements are consistent with non-collusive models
(for example, the competitive model and a symmetric oligopoly model), it may also
be consistent with collusion. Future research intends to explore this alternative means
of detection and its implication for pricing.

3 Existence of an Optimal Price Path

The basic problem is one of the cartel manager choosing a price path to maximize
the expected present value of the representative cartel member’s income stream.
To establish the existence of an optimal price path, dynamic programming is used.
The state variables are yesterday’s price, P‘~!, and accumulated damages, D'~
% (Ptfl, thl) denotes the value function when the cartel is still functioning as of
period t. It is defined as the fixed point to:

""Here it is argued that when d(P) = (P — 13) (D (P) /n), the damage function is decreasing
in price along the optimal cartel price path. If 7 (P) = P (D (P) /n) — C (D (P)/n) and d(P) =
(P - 13) (D (P) /n) then 7' —d' = (1/n) {13 —C' (D (P) /n)] D' (P). Thus, if P > C' (D (P) /n)
then d’ > 7’ in which case if price is set so that d’ (P) < 0 then ' (P) < 0. In that case, the

cartel price would exceed P™ which is not optimal under reasonable assumptions on ¢. The final
step is to show that P > C' (D (P) /n) is typically true. First note that since P > P then D' <

0 implies D (P) /n < D <13) /m. If the cost function is continuously differentiable and marginal
cost is non-decreasing then C’ (D (}3) /n) > C' (D (P) /n). Finally, under standard assumptions,
P> (D (}A)) /n) at a Nash equilibrium. From the last two inequalities, it is concluded that
P>C'(D(P)/n).



v (pPL DY) = ma (P) (1)

+6¢ (P, P [(7/ (1= 6)) — BD" ! —~4d (P) — F]
+6[1—¢ (P, P")] x max{V (P,3D" ' + yd (P)),
7/ (1=6)) — o (P,BD"t +~d (P))}.

(7/ (1 —6))—BD' ! —~d (P) — F is the terminal payoff associated with the cartel
being detected. Also note that firms have the future option of dismantling the cartel
and receiving a terminal payoff of (7/(1—6)) — o (P,3D'"' + ~d (P)) . All proofs
are in Appendix A.

Theorem 1 Assume A1-A5. An optimal price path exists.

Existence of an optimal solution is true under weaker assumptions than A1-A5.
All that is required is that 7, d, o and ¢ are continuous bounded functions and €2 is
compact.

A natural specification for the post-cartel penalty function is

o (Pt_l,Dt_l) —_ Z(ST—IH-:[ [/gT—t-‘rlDt—l + F:| (.UT (Pt—l)

T=t

where w” (P*~!) is the probability of the cartel being discovered in period 7 (which
may depend on the initial conditions for price for the post-cartel period). In that case,
o (P!, D) is an affine function of D*~!. This property is used in the next result
which shows that the value function is a decreasing convex function of accumulated
damages.

Theorem 2 Assume A1-Aj and o is a non-decreasing affine function of D'*=1. Then
% (Ptfl, thl) is a decreasing convex function of D't

It is unsurprising that the value of collusion is decreasing in the amount of ac-
cumulated damages. A higher value for D! means a more severe penalty in the
event of detection. It is also easy to explain why the value function is convex in
accumulated damages. Holding the price path fixed, a firm’s payoff is linear and
decreasing in D*~! as the expected present value of the penalty associated with D!~!
is D157 (86)7 " w” where wT is the probability of detection in period 7. Since
the cartel can partially mitigate the effect of increased accumulated damages by ad-
justing the price path to make detection less likely, the value function, at each value
of D1, is bounded from below by a linear decreasing function of D*~! which is
tangent to the value function at that value of D'~!. With this lower bound, the value
function is then (weakly) convex in D*~1. Unfortunately, the convexity of the value
function means that the cartel’s objective function need not be concave and this will
complicate the ensuing analysis.



4 Optimal Price Path when the Probability of Detection
Depends on the Price Level

Previous static analyses of the influence of antitrust law on cartel pricing have as-
sumed that the probability of detection is an increasing function of price. In this
section, we consider their dynamical extension by assuming the probability of detec-
tion depends only on the current price. The main conclusion of this section is that
this modelling of the probability of detection function generates nonsensical results
and, therefore, detection must be driven by more than the current price.

In establishing this conclusion, a fair amount of structure is assumed which limits
the generality of the findings. However, since the objective is to show that this is not
a compelling formulation, it serves our purpose that the model is very well-behaved
as it is then with greater confidence that we infer that these nonsensical results are
due to an unrealistic modelling of the probability of detection function.

B1 Q is a compact convex subset of ;. and [13, Pm} c Q.

B2 3¢: R — [0,1] such that ¢ (P!, P""1) = ¢ (P!) ¥ (P!, P'1) € Q2

B3 & is twice continuously differentiable, &' > 0, and &H > 0.

B4 7 is twice continuously differentiable and 7 < 0.

B5 35 > 0 such that d (P) = nr (P)YP € Q and 3P < P such that d (P) = 0.

Detection depends only on the current price by B2 and, by B3, the probability
function is increasing and weakly convex.'® B4 ensures the concavity of the profit
function and B5 simplifies the analysis by assuming damages are proportional to

profit. Note that when d (P) = (P _ 13) (D (P) /n) and 7 (P) = (P — ¢) (D (P) /n),

B5 is satisfied iff P = c. Though this is rather special, it is the case assumed in Block
et al (1981) and thus is a natural one to consider. B1-B5 are all consistent with
Block et al (1981). Finally, note that the only state variable is D*~! since ¢ does not
depend on P*1,

Theorem 3 shows that the optimal price path has a “tendency” to fall over time.
To be more specific, prior to possibly reaching a steady-state, in every period price
will be lower in some future period. Consistent with this characterization is a weakly
decreasing price path (and strictly decreasing in some periods). Also consistent is a
non-monotonic price path with an infinite subsequence which is weakly decreasing
over time. That is, there exists {t;};,, where ¢; € {1,2,...} and t; < ¢y <---, such
that Pt > ptz >...19

8Since ;;VS is bounded above by one, it is restrictive to assume that it is convex over the entire
domain. One should then interpret this assumption as saying that ¢ is convex over that part of the
domain where optimal cartel pricing occurs.

19The result presumes that cartel formation is optimal and the cartel is infinitely-lived. Sufficient
conditions for this to be true are that the probability of detection is sufficiently low and the penalty
parameters, v and F, are sufficiently low.



Theorem 3 Assume A6, B1-B5, and D° = 0.2° If it is optimal to form a cartel
and collude forever then D° < DU, {Dt_l}:il 1§ non-decreasing over time, and:
i) if DV=1 < DY then 3t" > t' such that P* > P and ii) if DV'~' = D' then
Pt =PVt >t

While it has thus far escaped proof, it is my conjecture that the optimal collusive
price path is weakly decreasing over time when firms collude forever. In that case,
the initial price must exceed the non-collusive price of P.2! Thus, the cartel ratchets
price to some high level and then reduces it over time with price either becoming
constant from some period onward or asymptoting some value.?> The basis for this
conjecture is the following intuition. The cartel begins with no (or low) accumulated
damages. As collusion continues, accumulated damages grow which means a higher
penalty in the event of detection. Since the probability of detection is increasing in
price, a natural response to a higher potential penalty is to lower price and thereby
reduce the likelihood of detection. Given accumulated damages were shown to be
weakly increasing, it would seem quite intuitive that price is then weakly decreasing.
The optimal price path is likely to entail setting an initially high price and then
reducing it over time. That I have been unable to prove this result is partially due
to the complications created by the value function being convex (as established in
Theorem 2).

To confirm this intuition, numerical analysis was conducted. Assume two firms,
a market demand function of D (Pt) = 1000 — P?, constant marginal cost equalling
zero, and 6 = .96. The simple monopoly price, P™, is then 500 and the non-collusive
price, P, is specified to be either the Cournot price, which is 333, or the competitive

price, which is zero. The damage function is d (Pt) = (Pt — 13) (D (Pt) /n) , fines
are zero (F' = 0), and damages are avoided for certain by discontinuing collusion,
o (thl) = 0VD'~!. The probability of detection is specified to be a linear function,

¢ (P') = min {QSO + ¢ <Pt - ]3> , 1}, and I allow three sets of values for (¢, ¢;) so
that: ) & (P) = 0 and ¢(P™) = 0.1; ii) & (P) = 0.1 and (P™) = 0.4; and i)
P (ﬁ) — 0.2 and ¢ (P™) = 0.8,

The value function was first approximated as a piecewise linear function with 350
breakpoints. With a discretized price space of 100 points (and, in later analysis,
1000), the Bellman equation was solved iteratively starting from an initial guess.
To check for the amount of approximation error, the Bellman equation was solved

assuming a finer price grid and the value functions were compared. The change in the
value function from a finer grid was always extremely small. Having derived the value

20The assumption of D° = 0 could be replaced with the condition that, on the optimal path,
D° < D"

21Tf the price path is weakly decreasing and P < P then P! < Pvt and P* < P for some t (as, by
Theorem 3, 3t > 1 such that P! > P*"). However, it cannot then be optimal to form a cartel since it
results in a lower payoff then 7/ (1 — §) which is the payoff from not colluding.

22 As D'™! is bounded from above by vd (P™) /(1 — 3) and {thl}fil is weakly increasing over

1

time then lim¢ oo D'~ is defined. Hence, lim;—_oo P! is defined.



function, the optimal policy was derived. Specifying an initial level of damages of
zero, the optimal price path and path of accumulated damages were then generated.
All of this analysis was performed using MatLab.

Representative of results are Figures 1 and 2. Examining Figure 1A, the value
function is decreasing and convex in accumulated damages. The optimal policy func-
tion is decreasing as well and then becomes flat at a price equal to P when accumu-
lated damages are sufficiently great. Figure 1B shows the time path for damages and
price when DY = 0. The price begins around 403, well above the non-collusive price
of 333, and is then lowered. It appears to settle down at a price around 367. Figure
2 considers a higher probability of detection, lower value for (3, and when perfect
competition is the non-collusive state.

For the 36 parameter configurations considered, all of the optimal price paths
were decreasing with two classes of exceptions. In some cases, the price path declines
but settles down to a limit cycle. I believe this is an artifact of the choice set for price
being discrete and, indeed, it tends to disappear when the fineness of the price grid
is increased. Second, firms may collude for a finite number of periods in which case
price rises during the last few periods. As the future becomes less important, there is
less concern about adding to damages and this makes higher prices more attractive.
Still, prior to that end game effect occurring, price is decreasing.

My own sense is that a path of raising price above the non-collusive level and
then lowering it over time is counterfactual. This is certainly contrary to the price
path associated with the citric acid cartel over 1987-1997 where price was gradually
increased (Connor, 1998). In that these price dynamics are the logical implication of
having detection depend only on the price level, I infer from this result that detec-
tion is not largely driven by the price level. One reason that this price path seems
untenable is that a newly formed cartel that sharply raised price (only to then lower
it) would run unnecessary risks of creating suspicions among buyers that price-fixing
is occurring. This suggests that price changes, rather than price levels, may be more
influential in detection and thereby be a greater determinant of cartel price dynamics.
Allowing detection to depend on the change in price is explored in the next section.

5 Optimal Price Path when the Probability of Detection
Depends on Price Changes

While it may be difficult for individuals external to a firm, such as buyers, to have
reasonably-informed beliefs about the level of cost and demand, it may be quite
reasonable for them to receive noisy signals of changes in cost or demand and be able
to make assessments about what is a reasonable change in price; “reasonable” in the
sense that it is consistent with non-collusive behavior. This view has previously been
articulated:

Simultaneous price increases and output reductions unexplained by

an increase in cost may therefore be good evidence of the initiation of
a price-fixing scheme, while changes in the opposite direction might be

10



used as evidence that a cartel has just collapsed. Notice that it is not
necessary to determine what the firms’ marginal costs are or what the
competitive price and output would be. One simply observes price and
output changes and asks whether changes in costs or in demand explain
them, or whether it is necessary to posit cartelization. [Posner (1976),
pp. 66-67.]

Initially, I've chosen to simplify matters by not explicitly modelling these cost
and demand shocks and instead to assume that bigger price changes are more likely
to trigger detection. In the context of a stationary environment, bigger price changes
should seem more puzzling. The virtue of this simplification is that the optimal
price path is deterministic which is conducive to deriving results. Future research
will explicitly allow for cost and demand shocks and, more generally, consider richer
models of detection.

To characterize properties of the optimal price path, the following structure needs
to be assumed.

C1 Q is a compact convex subset of 4 and {ﬁ, Pm} cQ.

C2 3@ : R — [0,1] and g : ® — Ry, where g is a strictly positive, non-increasing,
continuously differentiable function, such that

é (Ptypt—l) _ 5 ((Pt _ Pt—l) g (Pt—l)) V(Pt?Pt—l) c 02

C3 Ifx ZyZOthena(x) Z@(y).
d $(0) €[0,1).
C5 3¢ > 0 such that & is continuously differentiable VP” € (P’ — e, P’ +¢),VP’ and

/

& (0) = 0.

Assumptions C2-C4 specify that the probability of detection depends only on the
change in price, is non-decreasing for price increases, and is minimized by keeping
price constant. Note that the case of a constant probability of detection, so that it is
uninfluenced by price dynamics, is a special case. C5 requires differentiability around
a price change of zero and is a necessary technical condition.?® It will also ease the

C4 ¢(z) > ¢(0) Vo € R an

analytics by having 3' (0) = 0. The importance of that assumption will be discussed
later. Note that if g is a constant then the probability of detection depends only on
the size of price movements. If instead g (P*~!) = 1/P""! then it depends on the
percentage change in price.

Two additional assumptions involving the profit function are required.

C6 7 (P) — 66 (0) [(Wldf’;)) + F} >7VPe (ﬁ,Pm} .

231 want to acknowledge Ali Khan for the proper statement of C5. By developing an elegant
example, he proved to me that a function can be differentiable at a point but not be differentiable
in an e-ball around that point.

11



C7 3P € (13, Pm} such that
' (P) - [5@(0) / (1 — 88 (1 - @(0)))} vd' (P)Z 0 as P = P~.

C6 ensures that once a cartel is formed, it will not be dismantled. For a steady-
state price of P, the steady-state level of damages is vd (P) /(1 — ) so that C6
literally says that the profit in the current period from colluding exceeds the profit
from not colluding. In Appendix B it is shown that C6 is sufficient to ensure that,
at a steady state price of P, colluding is preferable to not colluding. C7 requires
quasi-concavity of an income function which is defined to be profit less some multiple
of damages. An example satisfying these assumptions is provided in Section 5.2.

5.1 General Properties of the Price Path

Theorem 4 shows that if collusion is optimal then it is infinitely-lived, involves a
non-decreasing price path, and the long-run price is P* (as defined in C7). These
properties for the price path are derived under the assumption that it is optimal to
form a cartel. In Appendix B, sufficient conditions are provided for cartel formation
to be optimal.?*

Theorem 4 Assume A2-A6, C1-C7, and P° € {]3,]3*). If it is optimal to form a

cartel then it is optimal to collude in all periods and if {Pt}zl is an optimal price
path then: i) it is non-decreasing over time; and i) Pt — P* ast — occ.

In that larger price movements result in a higher probability of detection, the
optimal price path has the cartel gradually increase price to its long-run target value
of P* which is defined as the unique solution to

o (P) =[50/ (1= 68 (1-6(®))] v (P*) =0,

If the probability of detection is independent of price then one can show that the
cartel immediately increases price to P* and leaves it there. Thus, dynamics come
from detection depending on the change in price.

In examining the equation defining the long-run cartel price, note that P* depends
on the damage function and multiple, the rate at which evidence depreciates, and
the probability of detection function. If the profit function is concave (7 < 0),
the damage function is strictly increasing (yd’ > 0), and the minimum probability
of detection is positive, ¢ (0) > 0, then P* < P™ and thus the cartel price is less
than the simple monopoly price in all periods. Thus, antitrust law constrains pricing
behavior. However, also note that if the only penalty is fines then v = 0 which implies
7' (P*) = 0 and thus P* = P™. At the steady-state, fines do not constrain the cartel’s
price. It is true, however, that higher fines can be expected to reduce the speed with

4 Without C5, the proof still establishes that the price path is non-decreasing over time and is
bounded from above by P*. C5 serves to show that lim; .. P* = P*.
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which price is raised and, if fines are sufficiently high, they can deter cartel formation
altogether.

It appears that this result is driven by assumption C5 which states that small
price changes have a proportionately small effect on the probability of detection. In
the long run, price settles down so that the price change converges to zero. Given
that 5' (0) = 0, marginal changes in price have no first-order effect on the probability
of detection though continue to have a first-order effect on the potential penalty
through the damage function. Thus, factors that influence the relationship between
price and the size of the penalty - the discount factor, the rate of depreciation of
damages, the damage multiple, and the damage function - all influence the long-run
price. As a result, if there there are only fines and no damages then, as price changes
go to zero, marginal changes in price have no effect on the expected penalty in the
long-run so that the cartel price converges to the simple monopoly price. Suppose
instead 5/ (0) > 0 so that C5 is not satisfied. Inspection of the proof of Theorem 4
reveals that the price path is still non-decreasing and is bounded from above by P*.
Hence, price changes still go to zero in the long-run and, therefore, qAZ)/ (0) > 0 implies
marginal changes in price do impact the probability of detection. Since a higher fine
makes the expected penalty more sensitive to price changes even in the long-run, fines
- as well as damages - influence the long-run price. Arguing by continuity, if 3, (0)
is close to zero then fines should have little effect and certanly a much smaller effect
than damages. The long-run price would then largely be independent of fines if 3/ (0)
is positive but small.

The possible independence of the steady-state cartel price with respect to fines is
in stark contrast to static models of collusive pricing in the presence of an antitrust
authority. In those models, there is an equivalence between fines and damages in
the sense that any price resulting for some damage multiple could be alternatively
generated through an appropriately selected fine. In a dynamical model in which
detection depends on price changes, a higher damage multiple lowers the steady-
state cartel price (as shown below) but fines can have no effect.

5.2 Comparative Statics

Assume the market demand function, D (+), is twice differentiable and each firm has
constant marginal cost of c. A firm’s profit is then 7 (P) = (P — ¢) (D (P) /n).
Assume D" (P) < 0 so that A6 holds. Next suppose that the damage function is

d(P) = <P — ]3) (D (P) /n) where P > ¢. To ensure that C7 is satisfied, define

r'P) = n(P)—rd(P)
= (1/n) [(P D (P)—# <P . 13) D (P)}
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Note that if I (P) < 0 then P* is defined by I" (P*) = 0. Taking the first two
derivatives of I':

r'(P) = /m{-rn[(P-aD (P)+D(P)]+r(P-c)D (P},

"(P) = (1/n) {(1 — k) [2D' (P) + (P — ¢) D" (P)] + 1 (13 - c) D" (P)} .
I (P) < 0 if k < 1 and demand is concave. For P* to exceed P, one needs:
I (13) — (1/n) {(13 — oD (_13) +(1-kK)D (13)} > 0.

Since (P—c)D’ <13> +D (ﬁ) > 0, as P is associated with the non-collusive outcome,

then IV (P) > 0 if & is sufficiently close to zero which holds, for example, if either

the probability of detection or the damage multiple is sufficiently small. P* is then
defined by:

(1— &) [(P* =)D (P*)+ D (P")] + (13 - c> D' (P*) = 0. 2)

Note that this condition implies (P* — ¢)D’ (P*) 4+ D (P*) > 0 and thus P* < P™ so
that the steady-state price is lower than what occurs in the absence of antitrust laws.
Taking the total derivative of (2) with respect to x, one derives:

opr [(P* =)D (P) + D(P*)] = (P —¢) D' (P) -
O (=) 2D (P)+ (P* =) D" (P*)| + 5 (P—c) D" (P7)

~

It is straightforward to show that k is increasing in 7, ¢ (0), 5, and 6. It is then
immediate that the steady-state cartel price is reduced when: i) the damage multiple,
7, is increased; ii) the probability of detection function, 5(), is increased; iii) the
rate at which damages persist over time, 3, is increased; and iv) the discount factor,
0, is increased. The first three results are quite intuitive and the latter requires just a
little explanation. The cartel faces an intertemporal trade-off in that a higher price in
the current period raises current profit but lowers the future payoff by increasing the
likelihood of detection and, in the event of future detection, increasing the penalty.
As cartel members become more patient (a higher value for ), they then prefer lower
cartel prices. Note that the standard equilibrium analysis of collusion (where price
is driven by incentive compatibility constraints, that we presently ignore), a higher
discount factor supports higher collusive prices. An equilibrium analysis of cartel
pricing with an antitrust authority will bring to bear these two counteracting forces
and could prove quite insightful.
Next note that if P* is twice differentiable with respect to x then:

Lr - (25 (%) (52) + () (25)
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Since

Pr 5(1—686)
21960 [1-65(1-30)]"

it follows that, if 92P*/0k? < 0 then 9*>P*/ 0 (0) < 0. When the market demand
function is linear (which is considered below), P* is indeed a concave function of
k. The interpretation Qf the cross partial derivative of the steady-state cartel price
with respect to v and ¢ (0) is that the damage multiple and enforcement expenditure
(assuming that the latter implies a shift up in ¢) are complements in their effect on the
cartel price; a higher damage multiple makes enforcement expenditure more effective
in reducing price. Hence, more severe penalties should probably be complemented
with more, not less, enforcement activities.

Another interesting comparative static exercise is to consider the influence of the
but-for price, P, on the steady-state cartel price. Recall that the but-for price is
the price used in calculating damages.?” It will be useful to generalize the damage
function to:

> 0,

d(P) = <P . 13) [a (D(P) /n)+ (1 —q) <D (13) /n)}

where a € [.5,1]. U.S. antitrust practice is captured by « = 1 while if damages
were specified to equal the loss in consumer surplus then o = .5, using a linear
approximation. Note that as « falls, the cartel’s price has less of an influence on the
level of demand used for calculating damages. It is straightforward to derive:

op w|(1=a) D' (P) - aD' (P7)] »
0P (1-ka) 2D/ (P*) + (P*— ) D" (P)] +ra (P—c) D" (P)

As before, the denominator is negative. Next note that the numerator is increasing
in « so it is minimized at o = .5. In that case, the numerator is non-negative as long
as D' (ﬁ) > D' (P*). Since P* > P then D" < 0 implies D’ (ﬁ) > D/ (P*). Tt is
concluded that 0P*/ dP < 0.26 To understand this result, first note that lowering p
raises the total amount of damages by increasing the amount of damages assigned
per unit of damage demand. One response to a lower but-for price is to lower the
cartel price so as to bring back down the per unit damage amount. Alternatively,
firms could raise the cartel price so as to reduce the number of units upon which
damages are assessed. Given « is not too low - so that the number of units used
for damage calculation is sufficiently sensitive to the collusive price - the latter effect
dominates. Surprisingly, the steady-state cartel price is then decreasing in the but-
for price. Thus, if the cartel anticipates that a more competitive standard will be

% Note that P represents two different prices: the non-collusive price and the but-for price. While,
in practice, they are intended to be the same, in principle they could be different. The point to
make, however, is that it is P as the but-for price which influences the steady-state cartel price.

20Except if & = .5 and D" = 0, in which case 8P*/8}3 = 0. Furthermore, BP*/GI3 > 0 if one
allows a to be close to zero but it is unclear why that is a relevant case.
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applied in calculating damages, this will result in a higher cartel price in the long-
run.?’ Two corollaries are worth mentioning. First, if & = 1 and the but-for price is
the competitive price, P = ¢, then the steady-state cartel price is the same as the
price in the absence of antitrust laws, P* = P™. Just as much as fines can have no
effect on the steady-state cartel price, damages can have no effect either. Second, if
the but-for price is assumed to be decreasing in n (which is true for most oligopoly
models if the but-for price is the non-collusive price) then the steady-state cartel price
is increasing in the number of firms.

If it is further assumed that demand is linear, D (P) = a — bP, a closed form
solution for the steady-state cartel price can be derived. Solving IV (P*) =0 :

P =P™  [5/2(1 — &) (13—0).

As the monopoly price is P™ = (a + bc) /2b and if it is assumed the non-collusive
outcome is a Nash equilibrium for the quantity game, P = (a +nbc) /b(n+1), it
follows that:

«_atbc 53(0)7 a — be
T 1-68(1-6(0)) —55(0) ( >>

As an additional remark, it is worth noting that the comparative statics for the
steady-state price for this dynamic model are actually more straightforward than
those for the static model. With the latter, the first-order condition includes the
probability of detection evaluated at the optimal cartel price. In that changes in
parameters cause the optimal price to change, the probability of detection changes
with it. This can make signing some comparative statics diﬂicult.zi In contrast,
the steady-state price for the dynamic model is dependent only on ¢ (0) from the
probability of detection function which is a constant.

5.3 Comparative Dynamics

Following up on the model of the previous sub-section, numerical analysis is conducted
to explore comparative dynamics. The following assumptions are made throughout
this section. D (P) = 1000 — P (that is, a = 1000 and b = 1), and ¢ = 0 which
implies a simple monopoly price is then 500. The U.S. antitrust damage function
is specified, d(P) = <P - ]3> (D (P) /n), and the non-collusive and but-for price
is the Cournot solution: P (a4 nbc) /b(n+1). Assume the cartel starts with the
non-collusive price: P? = P.
For the initial set of simulations, the probability of detection function is: 5 (Pt — Ptfl) =

P9 + O (Pt—Pt*I)z.Qg The benchmark case assumes 0 = .6, v = 1, § = .96,

*THowever, it is important to note that a lower but-for price may dissuade cartel formation
altogether.

*8For example, it is difficult in the model of Block et al (1981) to sign the cross partial derivative
of the optimal price with respect to the damage multiple and the level of enforcement (which is
assumed to increase the probability of detection) without making additional strong assumptions.

9 For all parameter values considered, bo + D1 (Pt — Pt*1)2 < 1 along the optimal price path.
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F=0,n=2 ¢, = .05, and ¢; = .0002592. These detection parameters result
in ¢ <(13 +.25 <Pm — 13>> — ]3> = .5 so that raising the price 25% of the way from

the non-collusive to the simple monopoly price in one period results in a 50% chance of
detection. Also note that ¢ (0) = .05 so that the steady-state probability of detection
is 5%. The non-collusive price is 333.

Results for the benchmark case are shown in Figure 3. The value function is
concave in P!~! and it is known by Theorem 2 that it is convex in D*~! (though it
is not easy to see that with this figure). The optimal policy function is increasing
in the lagged price except when lagged price is sufficiently high. In Figure 3B, price
steadily increases toward the steady-state price and takes more than 30 periods to
reach it. The long transition path reflects the sensitivity of detection to price changes
for the benchmark case. As price and thereby the contemporaneous level of damages
are increasing, accumulated damages are increasing over time.

Figure 4 compares this benchmark case with a detection function which is less
sensitive to price changes. The alternative is ¢, = .05 and ¢; = .0000648 so that

@ <(]3 +.5 (Pm — ﬁ)) — ]3> =.5. All other parameter values are as specified in the

benchmark case. In response to weaker detection, the price path shifts up and the
steady-state price is reached in a shorter length of time.?? Figure 5 shows the effect
of raising the damage multiple from 1 to 2, for the benchmark case. The threat of
more severe penalties significantly shifts down the price path. Prices appear quite
sensitive to the damage multiple.

One of the more interesting applications of this model is to compare the use of
fines and damages. For this purpose, I consider two extreme cases: pure damages
(v > 0,F = 0) and pure fines (y = 0,F > 0). For the case of pure damages, I'll
explicitly denote the dependence of P* on v, P* (7). Next note that the steady-state
level of damages is yd (P* (7)) /(1 — ) = F*(y) and that, on the optimal path,
damages are bounded from above by F* (7). In Figure 6, the benchmark case is
modified so that detection is less likely: ¢, = .05 and ¢; = .0000081 which implies
g?)(Pm — ]3> = .25. Figure 6A considers a policy of treble damages and no fines,
(7, F) = (3,0), and also a policy of only fines, (v, F) = (0, F*(3)). Note that the
penalty is higher, in all periods, in the case of pure fines with the difference converging
to zero as t — oo. With the exception of the first period, the price path with damages
lies below that with fines.?! Figure 6b delivers the same result in comparing (7, F) =
(2,0) and (v, F') = (0, F* (2)) . In that case, price is lower in all periods when there are
damages.3? Making the penalty sensitive to the cartel’s price leads to a substantive
reduction in price in spite of the penalty being less in every period.

30Though it appears that the long-run prices are different, it has been proven that they should
be the same since, in both cases, ¢ (0) = ¢, = .05. Further numerical analysis showed that this
discrepancy was reduced when the price grid was finer. It is my belief that this difference is an
artifact of the numerical methods and the discreteness of the price space.

31For the first period, price is 387.44 with damages and 385.52 with fines. In period 2, it is 417.20
with damages and 420.88 with fines.

32For the first period, price is 392.39 with damages and 400.67 with fines. In period 2, it is 426.35

with damages and 441.08 with fines.
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For when n = 4 and 3 = .75, Table 1 reports average price for a wider array of
antitrust policies: (v, F) € {0,.5,...,3}x{0,F/6,...,F} where F = 378,640 (which
is F*(3)). P now equals 200. Average price is reported for the first 10, 20, and 50
periods. Consider average price over the first 20 periods and take (v, F') = (.5,?/ 6)
as a starting point. Average price is 460. Doubling the damage multiple reduces price
to 450 while doubling the fine reduces it only to 458. Tripling the damage multiple
causes price to drop to 438 but a tripling of the fine causes a very modest drop to
456. Generally, the price path is much more sensitive to the damage multiple than
to the level of fines, with one caveat. Fines can be quite effective in deterring cartel
formation. If the damage multiple is incrased six-fold from .5 to 3, the cartel still
forms and the average price drops from 460 to 328. When fines are increased six-fold,
the cartel doesn’t form so price is at the static Nash equilibrium level of 200.

As discussed in Section 5.1, it is conjectured that the independence of the steady-
state cartel price to fines is as a result of the assumption that 8/ (0) = 0. To explore
this issue, the probability of detection function is now specified to be ¢ (Pt — Ptfl) =
¢o+¢1 | Pt — P71 Since 5/ (0) = ¢y then @' (0) > 0 when ¢ > 0. Numerical analysis
confirms the conjecture in that the long-run cartel price is found to be decreasing in
the level of fines. For various antitrust policies, Table 2 reports the average price over
the first 10 periods, 20 periods, and 50 periods, and the price in period 200 (which
measures the long-run cartel price). When (v, F') = (0, F* (7)), the long-run price is
below the simple monopoly price of 500.

6 Concluding Remarks

When a cartel is concerned with detection, its optimal price path is sensitive to how
that price path influences the likelihood of detection. If detection is driven by the
price level then there is a tendency for the cartel to initially raise price and then
lower price over time. This result is argued to be counterfactual and inconsistent
with how cartels are believed to behave. If instead detection is driven by changes in
price then the price path is increasing over time. For this case, it was shown that
the steady-state cartel price is responsive to antitrust policy in that it is decreasing
in the probability of detection and the damage multiple. While these results were
anticipated, there were also some surprising findings. It was found that fines can have
no effect on the steady-state cartel price and, in fact, if only fines are used then the
cartel’s price can settle down to the simple monopoly price; the price that emerges
in the absence of antitrust laws. Secondly, if a more stringent non-collusive standard
is used in calculating damages, this causes the cartel to price higher in the long-run.

The model used to explore cartel pricing is restrictive in a number of ways. First,
it was assumed that any price path could be implementable by the cartel so that the
problem of ensuring compliance by cartel members was assumed away. Second, a
simple reduced form specification was used to model the relationship between cartel
behavior and detection. A richer approach would allow the buyers and the antitrust
authority to be more strategic in their efforts to detect collusion. Future research
will explore enriching the model in these various ways.
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7 Appendix A

Proof of Theorem 1 The proof is an adaptation of arguments in Stokey and Lucas
(1989). Begin by supposing that the cartel has been formed and let v: Q2 x Ry — R
be a continuous bounded function. Let 7" be a function with domain B which is
the space of continuous bounded functions that map Q x Ry into R. T is defined as
follows:

T(v() = maxr(P)+66 (PP [(7/(1-6) = 8D} —1d(P) = F] (3)

+8[1— ¢ (P, P max{v (P, BD"" +4d (P)) ,
(7/(1=8)) — o (P,BD"" ' +~d (P))}.

By A1-A5 and the presumption that v is a continuous function, the above problem
involves maximizing a continuous function over a compact set. Hence, T' (v (+)) exists
by the Theorem of the Maximum (Theorem 3.6, Stokey and Lucas, 1989). As 7, ¢, d, o
and v are bounded functions, T is then a bounded function. Since 7, ¢,d, o and v
are continuous functions and (2 is compact, 7" is a continuous function (Theorem 3.6,
Stokey and Lucas, 1989). Hence, the range of T' is B so that T': B — B.

To show that T is a contraction, Blackwell’s theorem is used (Theorem 3.3, Stokey
and Lucas, 1989). This requires showing that 7" satisfies monotonicity and discount-
ing. Monotonicity is satisfied when: if v°,v°° € B and

v (P7H DY) <o (P DN Y (P D) e @ xRy
then
T (v (P71, DY) <T (v (P, DY) V(P DY) e Q xRy
This is trivially true. Discounting is satisfied when 3¢ € (0,1) such that

T(v(P~1, D" +a) < T(w(P~ D) +0a
Yo € B,a>0,(P"1 D" e QxR
First note that
T (v(P™',D"") +a)

= maxm(P)+6¢ (P, PN [(7/(1=6)) — BD'" ' —d (P) — F]
+6[1—¢ (P, P 1)] max{v°® (P,BD" ' +vd (P)) + a,
7/ (1-6)) —o (P,BD" ' +~d(P))}
max (P) + 8¢ (P,P"1) [/ (1=6)) — BD"" ! —yd(P) - F]
+6 [1— ¢ (P, P"™)] max{v® (P, 8D +4d (P)),
7/ (1=08)) — o (P,BD" ' +4d(P))}+6[1—¢ (PP 1)]a
max 7 (P) + 8¢ (P, PN [(7/(1=6)) — BD'" ' —yd (P) — F]

IN

IN
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+8 [1— ¢ (P, P')] max{v° (P, 8D'"! + 7d (P)) ,
(7/(1=8)) — o (P,BD"" ! +~d(P))} + a
= T (v(P"', D)) +éa.

As 6 € (0,1), T is then a contraction. By the Contraction Mapping Theorem (Theo-
rem 3.2, Stokey and Lucas, 1989), T" has a unique fixed point which is a continuous
bounded function. This fixed point is the value function, V. Since then

m(P)+6¢ (P, P 1) [(7/ (1 —6)) — BD" ' —4d (P) — F] (4)
+6[1—¢ (P, P )] max{V (P,BD" ' +~d (P)),
T/ (1=6)) — o (P,BD"" +~d(P))}

is a continuous and bounded function and €2 is compact, an optimal price path exists.
All of this analysis is for when the cartel has been formed. If V (PO,DO) >
7/ (1 —6) then it is indeed optimal to form the cartel and the price path is that
which maximizes (4). If V (P% D°) < 7/ (1 —6) then it is not optimal to form the
cartel and the optimal price path is P in all periods. l
Proof of Theorem 2 Consider period ¢ and state variables <Pt/_1,Dt/_1>.

Suppose the optimal path involves colluding up to period T (Pt'_l,Dt'_1> >t

where T <Pt/_1, Dt/_1> could be finite or infinite, and the corresponding collusive
=t ’ ’ T<Pt,717Dt,71) ’ ’
price path is {P (Pt -1 pt—1 . The dependence on (Pt -1 Dt _1>
t=t

will often be suppressed. It will be useful to represent a cartel member’s payoff in
such a way that each period’s income is the profit earned less the present value of
expected penalties associated with colluding in that period. From (27) in Appendix
B, the optimal payoff starting from period ¢’ for the optimal path can be represented
as:

—/

1% (Pt’—l?Dt’—1> _ i P N i [1 —¢ <?j7?j—1)} [7? (?T) _d (?T) AT]

J=t'
T=t'

(5)

+[(7/(1-6)) = F]$ ZTj 6o (PP 1 -0 (PP

T=t'

T
_apt'—1 At T+1-t' . B Bi—1
BDYIAY 4 6T+ 5[1 ¢<P,P )}x

(7/(1=6)) — a0 (PT) — o1 (PT) DT]

where



o (Pt*I,Dt*I) = 09 (Ptfl) + 01 (Ptfl) D! and the convention is adopted that
H;;% [1 —¢ (?j,?]_lﬂ = 1. Collusion in period t yields profit of 7 <?t> but in-
curs potential damages of ~vd <?t>. Al~d <?t> is the expected present value of
those damages. In formulating Af, ¢ <?t,?t_1) is the probability of detection in
t, ¢ (?Hl,?t) [1 — ¢ (ﬁt,?t_lﬂ is the probability of detection in ¢ + 1, and so
forth. If period ¢ damages are not paid until period 7, they are discounted by (§3)"
because of time discounting and the depreciation of damages. One can then perceive
of w (Ft) — Al~d (Ft) as the income attributed to colluding in period t. Finally,
the probability that the cartel is still active in period ¢, given it is active in t/, is
t—1 5 i1

1= [1 —¢<P P )} .

The dependence of A! on the state variables as of ¢’ — 1 will be made explicit:
Al (Pt’—l,Dt’—1> . The task is to show: if D' > D" then V (Pt’—l, D’) <V (Pt’—l,D") .

If the cartel uses the price path {?t <Pt'_1, D" ) }j_(;tll’D”) when D¥~! = D, the
associated payoft is
v <Pt’—17D//) _ {At’ (Pt’—17D//> L1t (PtLl,D//ﬂ 3 (D/ _ D//) (6)
where
It (Ptq?th) = o (PT(Ptfl,Dt*1)> (6I8)T(Pt*1,Dt*1)+17t %
T(Pt=1,Dt1)
H [1 — 4 <?j (Ptq?th) 7?3‘—1 (Ptf17th1)>} '
j=t

The second term in (6) reflects the increase in the present value of expected damages
from increasing accumulated damages from D” to D’ holding the price path fized.

Discounted to period ¢/, At <Pt'_1, D" > BDY 1 is the expected present value of the
penalty associated with DY~ when caught over ¢/, ..., T <Pt'_1, D" > (that is, with
the cartel in place) and oq <PT(Pt71’Dt71)> + 1t <Pt'_1,D”> BDY 1 when caught
after T (Pt/_l, D" ) (that is, after the cartel has been dismantled). Since the optimal

price path may differ from that price path, this is a lower bound on the value function
evaluated at (Ptlfl, D’ ) :

% (Pt’—17D/> >V <Pt’—1’D//> _ [At/ (Pt’—17D//> 1 (Pt’fl’D//ﬂ 38 (D/ B D//) .
(7)

T(Pt/*I,D’)

By an analogous logic, if the cartel uses the price path {?t (Ptl*l, D’ )}
t=t/

when D¥~! = D", the payoff is
V4 <Pt/_1,D,> + |:At/ (Pt/_l,D,) +Ft/ (Ptl_l,D/):| /8 (D/ _ D/I) '
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Hence,
\V4 <Pt,71’D//> Z V4 <Pt,71’D/> + |:At, (Ptlfl’D/> +Ft, (Ptlfl’D/>:| /6 (D/ . D//) )

(8)
Combining (7)-(8),

[At' <Pt'_1, D”) v (Pt'_l, D”)} B(D' — D" 9)
> v <Pt’—17D//> v <Pt’—17D/> > [Atl <Pt’—17D/> L1t <Pt’717D/>} 3 (D/ _ D//) '
This proves V <Pt/_1, D" ) -V (Pt'_l, D' > > 0 and thus V is decreasing in D'~!.

(9) also provides an upper bound which will later prove useful.
To prove convexity, it needs to be shown that

av <Pt"1, D”) t(l-a)V (P“*%D’) >V (Pt’*l, aD" + (1 - a) D’>
for all a € [0, 1] . Using the above logic,
1% (P“*%D’) > v (Pt’*l, aD" +(1—a) D/>
- [At’ (Pt'_l, aD" + (1 - a) D’) 4! (Pt’—l, aD’ + (1 - a) D’)} X
B[D - (aD"+(1—a)D')]

1% (Pt’*l,D’) > v (Pt’*l, aD" + (1 —a) D/>
- [At’ (Pt’—l,aD” +(1-a) D’) +1? (Pt’—l, aD" + (1 - a) D’ﬂ x
pa (D' —D").

Analogously, it is derived

1% (Pt'_l,D”> > v (Pt’—l, aD" + (1—a) D’)
+ [At’ (Pt’*l, aD" + (1 - a) D’) 4ot (Pt"l,aD” +(1-a) D/ﬂ X
B(1—a) (D' - D).

Using these lower bounds for V/ <Pt'_1, D’ > and V <Pt/_1, D" > , it follows that

av (Pt’—l, D”) F(1-a)V (Pt'_l,D’)

Vv

aVv (Pt’*l, aD" + (1 - a) D’>

+a [At’ (Pt’—l, aD’ + (1 - a) D’> + 1" (Pt’—l, aD" + (1 — a) D’)} B(1—a)(D' - D")
+(1l-a)V (Pt’*l, aD" + (1 —a) D’)

—(1—a) [At’ <Pt"1, aD" + (1 - a) D’> 417 (Pt"l, aD" +(1-a) D/ﬂ Ba (D' — D"

- v (Pt’—l, aD" + (1 — a) D’) :
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so that V is convex in D!™1. W
Alternative Proof of Theorem 2 Define the sequence of value functions

{on () }hy -

Upr (P71, DY) = r}glggw(P) (10)

+6¢ (P, P 1) [(R/ (1 —6)) — BD" ' —~d(P) — F]
+6 [1— ¢ (P, P )] max{v, (P, BD"! +4d (P)),
7/ (1 —8)) — o (P.BD"™! +4d (P))}.

Given A1-Ab, it follows from the Contraction Mapping Theorem that V' () = limp .o vp (+) -
Any property that holds for the sequence of functions {vy, (-)}72; then holds for V' (-).

Suppose vy, (+) is decreasing in D*~!. Since o (-) is nondecreasing in D*~! then
max {vp, (), (7/ (1 — 8)) — o ()} is nondecreasing in D*~1. Using this fact along with
[(7/ (1 —6)) — BD'"! — yd (P) — F] being decreasing in D*!, it follows that vp41 ()
is decreasing in D'~!. Therefore, V (-) is decreasing in D'~!.

Suppose vy, (+) is convex in D'~!. As o (-) is convex in D'~! and, since the max-
imum of convex functions is convex, then max {vy (-),(7/ (1 —06)) — o (:)} is convex
in D'~1.33 Next note that [(7/ (1 —6)) — BD'"! —~d(P) — F] is convex in D'"1.
Thus, the function being maximized on the rhs of (10) is convex in D=1, As vj11 (¢)
is simply the maximum of a collection of convex functions - each one parameterized
by a different element of Q - then vj, 1 (+) is convex in D=L, W

Proof of Theorem 3 The proof strategy involves first showing that the state
variable, D*~!, is non-decreasing over time and then showing that the time path for
the state variable implies the specified properties of the price path.

First note that d (P*) > 0 so that D! > D%(=0). If not then d (P') = 0 and
therefore D' = 0. By stationarity, the same price is charged in period 2 and thereafter.
Since d (Pl) = 0 implies 7 (Pl) = 0 by B5, the firm’s payoff is zero. This contradicts
the optimality of forming a cartel since a payoff of 7/ (1 — §) > 0 can be earned by
not forming a cartel.*

The next step is to show that {thl}:il is non-decreasing over time. Given
that D° < D', if it is not true that D! is non-decreasing then 3t° > 1 such that

#SQuppose  wy (-),u2(-),...,ur(-) are convex in . To show that U(:)
max {u1 (+),u2 (-),...,ux (-)} is convex, suppose to the contrary. This means that Iz’ z
and A € (0,1) such that

~
<

A (") + (1= U (z") <U (A" + (1 =) z").

Suppose U (z') = u; (z'), U (z") = u; ("), and U Az’ + (1 = AN z") = up (Az' + (1 — ) z”). The
condition is then:
A (2') + (1= N uy (2) <ur (A" 4+ (1—=N)2").

Since u; (') > uk (z') and wj (z) > uk (2"), it follows that:
Mg (z') + (1= N ug (27) <up (A" + (1= N)2"),

but this contradicts the assumption that ug (-) is convex.
#This statement is a generic one as it excludes the non-generic case of V (0) = 0 for which a
necessary condition is T = 0.
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D=1 < D > DI"+135 Ty reduce notational baggage, let DT = D71 D' = D
and D" = D+l g0 DT < D' > D". Let P = P" and P” = P*1 be the prices
charged in those periods along the optimal path. Note that the state is D™ when P
is chosen and it is D’ when P” is chosen. By the equation of motion on the state
variable, it follows by definition:

D' = BDV4~d (ﬁ)

D// — /6D/+’7d(£//)
Since Dt < D’ and D" < D/, it follows from d (P) > 0 that P > P" .36 Next define
P’ and 7.

D" = BD* +d(E)

D' = BD ++d (ﬁ”) .
P’ is the price that results in D” when initial damages are DT (where recall that a
price of P is the price that results in D" when initial damages are D) and P is the

price that results in D’ when initial damages are D’ (where recall that a price of P”
is the price that results in D" when initial damages are D’). Since

D" +9d (B") < D" < BD* +4d (),
P’ exists and lies in <£” ,?’) by the continuity of d (-). Similarly, since
D +7d (B") < D' < 8D’ +~d (),

then P € (B”,?/)

To show that damages cannot be decreasing, the proof strategy is to show that
if P’ is preferred to P’ when D!~! = D+ then P is strictly preferred to P” when
D!=! = D’ which provides a contradiction of the optimality of P” when D!~! = D',

Since P’ is optimal when the state variable is DT, the payoff from P’ must weakly
exceed that from P’

. (ﬁ’) + 60 (F’) [(F/(1—68))— F— D] +6 [1 " (ﬁ’)} V(D)
> 7 (P)+66(P)[7/ (1-6)—F—D"]+6 [1 — % (E)} Vv (D").

351 D=1 = D' then P = P! and it is straightforward to show that Dt = pt'+! and,
furthermore, D = DVt > t°. Hence, if D' > D!+ then D'~ < D",

30Tt is presumed here that P < P™ so that d’ (P) >0 for P < P 1tis easy to argue that the
optimal price path is bounded above by P™. Specifically, a price path in which all prices above P™
are replaced with P™ yields higher profit and a weakly lower probability of detection and therefore
a strictly higher payoff.
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Re-arranging yields:
n(P)-n(2) = {6(2)[F/-8)-F-D]+1-s(2)|v(D")}a1)
) {5 (?’) [(G/(1—-8)—F—D]+ [1 —3 (?’)} 1% (D’)} .

Since P" is optimal when the state variable is D', the payoff from P” must weakly
exceed that from P :

7 (B") + 86 (") [(R/ (1 8)) - F = D"} + 6 [1 - 6 (2")]| v (D")
> 7 (P)+60(P) 7/ (1-8) - F-D]+8[1-6(P")| v (D).
Re-arranging yields:
6{6 (") [(7/(1—6)—F = D"+ [1-6(2")| v (D"} (12)
- {5 (?”) [(7/(1-68))— F— D] + [1 ~ % (?”
> 7 (P')—n ().

The plan is to show that (11) and (12) are inconsistent.
First note that

<
>}
Ny

==/

D = D" = B0 +4d (P")| = [8D' +7d (2")] =7 [d (P") - d ("),
and

D =D = [3D* +4d(P)| - [8D* +9d ()] =~ [d (P) —d(2)].
Hence, d (?”) —d(P")=d (P’) —d(P'). By B5, it follows that 7 (ﬁ”) (P =

™ (F’) — 7 (P'). Therefore, (11)-(12) imply:

{N(B)[(W/(l 0) — F— D" + [ D”} (13)

Define
w(P) =P + K?’ — ?”) /(P — E’)} (P—P").

Note that ¢ (P') = P and ¢ (P") = P". Next define
o) = {6@I[F(-0)-F-D]+[1-6@]|V (D)}
~{sw@) @ -0 -F-D]+[1-dw@)]|Vv (D)}
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so that (13) can be represented as: © (P”) > ©(P’). Given P’ > P"37 a neces-
sary condition for this to be true is that © is non-increasing in P. To derive our
contradiction, it will be shown that © is increasing.

o) = —¢ (B){V(D") -7 (1-6)-F-D"]}
+6 (¥ (R) Y (R){V (D) - [7/(1-8) — F— D]}

Since P’ > P" then, by B3, ¢ (¢ (P)) > ¢ (P).3® Next note that ¢ (P) > 1 iff
P-P'>spP-pP' =P -pP>P -p

To show this is true, recall that d (F”) —d(P") =d (ﬁ’) — d(P'); which, by the
differentiability of d (-), is equivalent to

—_// -/

/P d’(P)dP:/P d (P)dP.

11 /

Since P/ > P” and d” (P) < 0, it follows from the above equality that P — P’ >
P" — P". This proves ¢/ (P) > 1.
Given ¢ (P) > 1, the final step in proving ©' (P) > 0 is to show that

V(D) -[@/(1-6)-F-D>V(D")-[x/(1-6)—F—-D"].
Cancelling and rearranging terms, this inequality is equivalent to
D'—D">V (D")-V (D). (14)
From (9) of the proof of Theorem 2, A (P~ D") (D' — D") is an upper bound
on V(D") =V (D').* Since A* (P*~!,D") 3 € (0,1) then (14) is true. It has then
been shown that ©’ (P) > 0 which implies © (P') > © (P”). This shows that (11)
and (12) are inconsistent and, therefore, D'~! must be non-decreasing over time.

The final step is to establish the properties of the price path. Since D'~! is non-
decreasing, there are two cases: 1) D'~ < D'; and ii) D¥ ~' = D*. Consider case (i).

—_ o0
Let {Pt} . denote the optimal price path. In the proof of Theorem 2, upper and
t=
lower bounds on the change in the value function were established, see (9). Using that
result, and recognizing that I" <?t 71, Dt/_1> = 0 since firms are colluding forever, it

follows that the difference in the value of colluding between periods ¢’ and ¢’ + 1 has
the following bounds:

AV B <Dt’ _ Dt’—l) >V (Dt’—1> v (Dt’> > AU+ (Dt’ _ Dt’—l) 7

#7Since DT 4+ vd (P') = BD’ +~vd (P") and DT < D’ then d (P’) > d (P"). Since d’ (P) > 0 for
the relevant range of prices then P’ > P".

#Here we are using the fact that ¢ (P) > P VP € [P”, P'].

#?Since collusion is forever then I'" (P*~*, D") = 0.
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where recall
T—1

At — 5%(5@”& @)1 [1 — 3 (?J)} .

-

<

Since D¥ — DY ! > 0 and thus V/ <Dt/*1> -V (Dt/> > 0 (by Theorem 2), this implies
A > AY+1 Tet us next show that A? is increasing in PPVh > t¢.

0N 5ot d (P)II -4 (P)]

opPh L
=S e e @) 1 [1-a(P)]
T=h+1 j=h+1
Since . .
> o) T1 [1-5(7)] <
r=h+1 j=h+1

as it is the probability of detection in period h+1 or later (conditional on no detection
as of period h), it follows that

and thus dA!/OP" > 0. To summarize, D > D¥~! implies A" > A¥+! and, in
addition, At is increasing in P" for h > t.
As the next step, it is straightforward to show that

Al = 60 (ﬁt> n [1 —3 (?t)} SBALHL.
This fact combined with AY > A¥+! results in
60 (P") + [1-6(P")] 652!
5% (Ft')
1— [1 — (?t'ﬂ %

Note that the lhs is At when P~ = P V7 > t'. Given that property and that A +1 is
increasing in P", this inequality does not hold if 7 > Pt >t'+1 and P'>TP for

—

some t. Therefore, either: 1) P =P'Vvt>t+1;0r ii) 3" > ¢’ such that P >T7.
The latter is our desired result. Let us then show that (i) cannot occur.

!
At+1<:>

v

At/+1.

v

Suppose the price path is constant at P' over periods t',t' + 1,... Using the
expression for the payoff function in (5) (and recalling that T' = 4+00), the derivative
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of the payoff function at period ¢ with respect to the period ¢ (> t) price, evaluated
at P =P vt > ¢, ist

(7)o (7) - (G b (P) w0 o
¢ (P') Z 5 tH[l_ (P)] Ir () = am9a (P) - 7 — (1= ) F)]..

Since the price path is constant, Al and JA! /P! take on the same values Vt. Let us
argue that P' is in the interior of € so that (15) equals zero. Since it is postulated
that D1 < D' then d (ﬁt> > 0 which implies that P exceeds the minimum of

Q by B5. If P’ = P™ then (15) is negative. Furthermore, it cannot be optimal to

price above P™.4! Hence, P must be strictly less than the maximum of ). Since the
optimal price is interior, (15) equals zero V¢. However, the expression is decreasing in
D' and since D¥~! < DY if (15) is zero for ¢ then it must be negative for ¢’ + 1.
This contradiction establishes that the optimal price path cannot be constant and,
therefore, D' ~! < D implies 3¢ > ¢’ such that P > P

Case (ii) is when D¥~! = D', By stationarity, P =P By the following
steps, it is shown that DY = D¥'+1:

D' = BDY 44d (P

< s ()
= D.

By induction, D!~1 = Dt ~1vt > ¢ and therefore P’ = P' Vt > t'. Hence, if DV ! =
D' then price is constant at P thereafter. W

Proof of Theorem 4 There are several steps in the proof. First, it is shown
that if it is optimal to form a cartel then it is optimal to collude forever. Second,
the optimal price path is bounded above by P*. Third, the optimal price path is
non-decreasing over time. Fourth, the optimal price path converges to P*.

e It is optimal to collude forever.

The strategy is to show that if it is optimal to collude in, say, period T then it
must be optimal to collude in period T+ 1. Assume it is optimal to form a cartel.
It is sufficient to show that it is optimal to collude forever when o (P'~1, D71) =
ov (Ptfl,thl) so that the terminal payoff from stopping collusion is 7/ (1 — 6).

10Tt is easier to see that this is the derivative by observing the re-arrangement of (5) in (19).
YTt is helpful to note that, as the net income in period t is = (ﬁt ) — Alyd (ﬁt ) =

T (ﬁt ) (1 — At'yn), optimality requires the price path be such that Alyn < 1.
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Suppose it is optimal to collude until period T where T is finite. For it to be optimal
to collude in T, it must be true that:

om T

>
1-6 " 1-6

m (PT) =8¢ (PT,PT1) [BDT ' +4d (PT) + F] +

The lhs is the payoff from colluding in 7" and stopping collusion as of 17"+ 1 and the
rhs is the payoff from stopping collusion in T'. This expression is equivalent to:

7 (PT) =8¢ (PT,PT"71) [BDT! +4d (PT) + F] > 7. (16)
For it to be optimal to dismantle the cartel in 7'+ 1, it is necessary that:
T om

T > 7 (P) —66(0) [8(BDTY + 4d (PT)) +d (PT) + F] + —

=

7> (PT) —6¢(0) [8(BDT ! + 4d (PT)) +~d (PT) + F]. (17)
The rhs is the payoff from maintaining a price of PT in T + 1 and then stopping
collusion as of T' + 2.2 Note that ¢ (PT, PT) = ¢ (0) . Combining (16)-(17):
m (PT) = é¢ (PT,PT"1) [BDT ! + 7d (PT) + F|
> 7> (PT) = 66(0) [(BDT" +~d (PT)) +~d (PT) + F] .

A necessary condition for this to hold is:

m (PT) —6¢ (PT,P"1) [BDT ! +4d (PT) + F]
> 7 (PT) —66(0) [8(BDT ! + 7d (PT)) ++d (PT) + F)

or
$(0) [3(BDT ' +~4d (PT)) +vd (PT) + F] > ¢ (PT,PT1) [BDT ! +~d (PT) + F].

Since, by C4, ¢ (PT, PTﬁl) > @(O) , a necessary condition is:

ﬂ(ﬂDT—l+7d(PT))+7d(PT) >6DT—1+,7d(PT) 7( (P )) > pT-

Intuitively, if it is optimal to collude at a price of PT in period T but it is not optimal
to do so in T+ 1 then damages must be higher in 7'+ 1. For that to be the case,
what is added to damages in T, vd (PT) , must exceed the amount of damages lost
through depreciation, (1 — 3) DT~1. This produces the above condition.

Next note that it is never optimal for the cartel price to exceed the simple
monopoly price of P™. Relative to a price of P™, a higher price yields strictly lower
current profit, weakly higher damages, and, as price initially starts below P™, a
weakly higher probability of detection. It is straightforward to show that a price

42The assumption is used that a firm must strictly prefer not to collude for it to dissolve the cartel.
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path with prices above P™ yields a lower payoff to one in which all those prices
exceeding P™ are replaced with P™. Since then PT < P™ it follows from C6 that:

© (PT) - §6(0) [(ﬁ“—?) +F

Given it has been shown that DT~! is bounded above by ~vd (PT) /(1 - ), (18)
contradicts (17). This contradiction establishes that the claim that collusion stops in
finite time is false.

> 7. (18)

e The optimal price path is bounded above by P*.

The proof strategy is to show that if the price path ever exceeds P* that a higher
payoff is realized by pricing at P* forever, starting in the period with which price
first exceeds P*.

Assuming firms collude forever and using the representation of the payoff in (28),

the payoff starting from period ¢’ for the collusive price path {Ft}:; is
[77 (?t') ~Alyd (Ft') —(F—(1-6) F)} ~A"gpt-1 (19)
e e -6 (PP )] [ (7) - 594 (P) - G- (1-0)F)]

t=t'+1 Jj=t
+[(7/(1=96)) = F]

where

T—1

s=s> oo (P ) [[[1-0(P.P )]

In considering (19), it is as if a colluding firm receives net income in each period equal
to (Ft) — Zt’yd (?t) where 7 (Ft) is gross profit and Zt’yd <?t> is the expected
present value of damages associated with colluding in that period.

=t

<

Suppose it is not true that price is bounded above by P* so 3t' such that ?t/ >
P*> Pt 1f this price path is optimal then, starting from period ¢, it must yield at
least as high a payoff as a price path in which firms collude and price at P* forever.
This is true iff:

() S0 (P) 1] X o

e AT o (PP [+ (P) - B (P) - - (- o) )]
t=t'+1 Jj=t’

> [7r (P*) — AV'yd (P*) — (7 — (1 — 6) F)} _Afgpt-1

by e { 1o (P P ) [1-30)]" [r(P) - Bra(P) - G- (1) F)] }

t=t'+1
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where
Al =6 {(Z) (PP + i (68" [1—o (PP 1 - @(o)rtllﬁb(o)} ,
r=t'+1
T—t

A=63"(68)" [173(0)} $(0), t>1 +1

and recall that ¢ (P*, P*) = 5(0) . To show that A > AVt > ¢/, first note that these
expressions can be represented as:

Atzéi(éﬂ) 1:[ 1 - w)

where w” is the probability of detection in perlod 7 condition on no detection as of
7 — 1. Note that:

t°—1 o) T—1

OA! o_ , et . .
o = 0 @ I 0= - >0 e ] (1-w)
j=t T=t°+1 j=t,j#t°
t°—1 00 T—1
= 68" T[] a-w)e1= > 3w [ (1-o)
Jj=t T=t+1 j=to+1

Py o1& HJ —io41 (1 —w?) is the probability of detection over periods t°+1, .. ., co.
Since it is less than or equal to one, it follows that:

00 T7—1
1= > ) " [ (1-) >0
T=to+1 j=to+1

Thus, At is increasing in w'’. Since P> pr > P then, by C3, ¢ <?t/,?tl71> >
o <P*,? v ) .By C4, ¢ (P ,Pt71> > ¢ (0), t > t' + 1. The probability of detection

o0

in period 7 (condition on no detection as of 7 — 1) is then weakly higher for {Ft} .
t=

than for the alternative price path V¢t > ¢'. It is concluded that A > Alvt > ¢

Consider the lhs expression in (20). Since it is non-increasing in A and A' >
At > ¢/, the expression is weakly increased if A replaces A' Wt > ¢/. Tt follows that
if (20) holds then it must be true that:

[7r (ﬁt') _Afd <?t’> _G—(1-6) F)} _Agpt-1

e T o (PP [+ (P) - 354 (P) G- (- 0) )]
t=t'+1 j=t/

> [7r (P*) — AV'yd (P*) — (7 — (1 — 6) F)} _Afgpt-1

LS {{ o (PP 1-30] [W(P*)ﬁtvd(P*)(7?(15)F)”-

t=t'+1
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The objective is to establish that a contradiction follows from (21). The first step is
to show that the summation term on the rhs is at least as great as the summation

term on the Ihs. As A = §4(0) / [1 Y (1 ~3 (0))}, it follows from C7 that
m(P*) — At’yd(P*)>7T< ) At’yd< ), t>t+1.

t, C6 implies 7 (P*) — Alyd (P*) > 7 + 66 (0) F and thus
( — ¢) F. Finally, note that

Given 86 (0) / (1 — )
T (P*) — Atyd (P*) >

[1 — 4 (P*,Ft'”)} [1 —3 (o)rt,f1 > ﬁ [1 — ¢ (?j,?jfl)} Ct>t 4L
=t

It is concluded that

> A
T —

S o (PP [+ (P) - 344 (P) -~ G- 00— 9)F)
t=t'+1 Jj=t'
< i 5t { 1o (PP [1-0 (0)}'5_15'_1 [ (P*) = Btyd (P*) ~ G ~ (1~ ) F) } .

t=t/+1

Thus, (21) implies:
n (ﬁt') ~ Ay (?t’) > 1 (P*) — Al'yd (P*). (22)

Since ~yd (ﬁt/> > ~vd (P*) (so that the lhs is decreasing in A! at a faster rate than
the rhs), it follows from A¥ > A? that (22) implies:

™ (ﬁt') — Atyd (?’“) > 1 (P*) — Alyd (P*).

Since Al = 66 (0)/ [1 -0 (1 —3(0))} and P > P*, this cannot be true by C7.
This proves that the price path is bounded above by P*.

e The optimal price path is non-decreasing over time.

The proof strategy involves two parts. First, suppose that price falls from ¢’ — 1
to ¢’ and furthermore that price never exceeds its level prior to the decline, that is,
PY—1> ptyt > ¢ 4+ 1. It is shown that a higher payoff is realized when price is kept
constant at P ~1V¢ > ¢ Second, suppose that price falls from ¢ —1 to ¢ and remains
at or below P¥~1 over periods t' + 1,...,¢". It is then shown that a higher payoff is
realized by skipping the pI‘lCG path over periods ¢ + 1, ..., and jumping to a price
of P"+1 in perlod ', PY"+2 in period ¢’ + 1, and so forth

Suppose {Pt} is an optimal price path and it is not non-decreasing over time.

Hence, 3t > 1 such that P° < P' < ... < P' ' > P'. A necessary condition
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—_ o0
for optimality is that the payoff, starting in ¢’, from {Pt}t—1 is at least as great as

e . —t' -1
maintaining price at P forever:

[7r (Ft') Ay (?t’) — (- (1-9) F)} ~A"gpt-1 (23)
2 o (PP [ () - Bha (P) - (- (-9
t=t/+1 j=t'

+[7/ (1 6)~F]
7 (P7) = Bd (P) - - (1 - &) )| - ApD"!

w3 e 1] [ (P - B (P - G- 1- o) )

t=t/+1
+[7/(1—6)— F]

Vv

T—1t ~

T
where A=6§"(68)"" [1 ~3 (0)} % (0).

The first step is to show that if 7' > P and P' ' > P'Vt > ¢ + 1 then (23)
cannot be true, that is, maintaining price at P! forever is superior. Recall that

price is bounded above by P* so that P < P*. Since A < AVt then the lhs of
(23) is less than:

T (Pt') _ ﬁfyd <pt’> —F-(1-9) F)} B AﬂDt,_l
1

+ 5 e T [-o (PP [ (7) -5 (P) - -0

Hence, a necessary condition for (23) to be true is:

[w (‘t') —Avd(P (‘“) —(F-(1-9) F)} (24)
S e (P [ (P) B (P) e

> [w <Pt 1>—A d(_tLl)—(%—(l—é)F)}
4 Z 5 1-30)]" ‘ (P B (P - G- (-0 )]

t=t'+1

To show that the summation term on the rhs is at least as great as that on the lhs,
first note that C7 implies

n (ﬁt"l)—&yd (Ft"l) CF-Q-8F) =7 (?t>—ﬁfyd (?t) CF-(1 -8 F), t>t+1.
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as, by supposition, Pt > Pt > t' + 1 and it has already been proven that

p* > P! Next note that C6 implies
™ (Ft> — Avd (?’*) —(F-(1-6F) > 0and
w (?’*"1) ~ Avd (?t"l) —G-(1-8§F) > 0

Vt > t' 4+ 1 because ?t/_l,?t < P and A < 6¢(0) /(1 — ). Finally,
~ I S
[1—¢(0)} >T] [l—gb(Pj,Pj 1)} >t 41,
Jj=t'

It is concluded that the summation term on the rhs of (24) is at least as great as the
summation term on the lhs of (24). Therefore, for (24) (and hence, (23)) to be true,
it is necessary that:

#(P) - Bod (P) 2 (P) = Boa (P°).
However, by ?t, < ?tl*l < P*, this contradicts C7. It is concluded that the price

path cannot be bounded above by ?tl_l for t > t'.

Therefore it ' > P then 3¢ > ¢’ such that P! > Pt/+1 ,?t” and
?t < ?t”+ Once again compare this price path with one in which price is kept
constant at Pt -1 By the arguments just given, one can show that the income from
{?t}:ol is strictly lower at ¢’ and is weakly lower at periods ¢’ +1,...,t”. Hence, a

necessary condition for optimality is that the sum of the discounted terms for periods
t > t" + 1 is strictly higher:
tf

Z st H[ ¢<Fj,?j’1>} x (25)

t=t""+1 j=t’

[w( ) Ayd( t>7(7?7(175)F)}
> Z o 1-3 }H' 7 (P") = B2a (P ) - G- (1-9) )]

t=t""+1

or
"

L[ (PP«

j=t
i st -1 ﬁ [1 — ¢ (?7?1‘71” [77 <?t> 7Zt7d <?t> G- (1-5) F)}
t=t"+1 j=t"+1
S gttt [1 B $ (O):|t”7t/+1 y

i g i - g(o)rt”’l (P A (P -G -0 ).

t=t""+1
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Since

> gt —t'+1 ﬁ [1 — <ﬁj’?j*1>} =¢

j=t

~ }t”fturl

g =g"—t+ [1 —5(0)

then a necessary condition for (25) is:

00 t—1

e | [1 — (?j,?j*)} [w (ﬁt> —A'nd (?t> —(F-(1-0) F)}

t=t""41 j=t"+1

> i st=t"=1 [1 — 9 (O)T*’&"*1 X [7r (?’“‘1) ~ Avd (?’“‘1) —(F-(1-9) F)} = X.

t=t""+1

Y

o)

From this condition it will be argued that a strictly superior price path to {?t} is
t=t/

t+t" —t'+1

_ _ tll
toset Pt =P ,t > t'. The reason is simple. It has been shown that {Pt}

t=t/

does worse than a constant price of P over periods t/,...,t". The optimality of
— o0

{Pt} , then requires that a strictly higher payoff be received after t”. Beginning

—_ oo

from t', a higher payoff to {Pt} can then be earned by skipping the prices over
t=t!

t',...,t" and start pricing in ¢’ according to the price path as of t" + 1.

p— o
Define y and z as the payoff over t,...,¢" from the price path {Pt} and a
t=t'
constant price of P' 71, respectively,

" t—1

y=>8"T] [1 — (ﬁj,?j‘l)} [7? (?t) ~Alnd (?t) —(F—(1-9) F)} ,

t=t/ j=t'

i ~ t—t’ ! . ’
z=3 6" 1-9(0) (P —Ad (P ) —GF-(1-8F)].
$o 0] [r(7) (P |
Note that X = 2/ (1 — 6). In this notation, (23) takes the form:

Y+ &Y —RABD' L+ 7/ (1—6) — F] >z +0X — ABD' L + [7/ (1 - 6) — F].
Consider:
Y-y+&Y)=1-Y -y>1-Y-2=(1-Y - (1-0)X >0.

The last inequality follows from 6 > £ and that it has been shown that (23) implies
Y > X. It is then true that: Y > y + £Y. Now consider the payoff starting from

# in which Pt = P71 4 > /. 1t will be shown that it is bounded below by

Y —ZtlﬂDt/_l +[7/ (1 —6) — F]. As defined, Y is the payoff from {?t}oo , starting

in t” + 1 and discounting back to ¢’ 4+ 1 with an initial price of P' . It is also the
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S+t —t' +1

payoff from P! = P for t > t/, starting in ¢’ and discounting back to ¢’ but

with one caveat The preceding price to P ™ is not P° but rather P . Since
PP > P" then

<?t//+1 ?t”) <Ptl/> Z (?t”-‘rl _ ?tl_:l) g <Ft/—1> > 07
t+t" —t'+1

so that, by C3, the probability of detection at t' from the price path Pt = P

_ o0
is no greater than that at ¢’ + 1 from {Pt} A3 Thus, the associated payoff is
t=t!

weakly higher than Y — Zt,ﬂDt/_l +[7/(1-6)—F].
To summarize, it has been shown that a price path of P! = P for ¢ >t
vields a payoff of at least Y — A’ gD 1 + [/ (1 —6) — F] while {?t} yields a
t=

payoff of y + &Y — _t/ﬂDt'_l +[7/(1—06)— F]. Since Y > y + &Y then the former
is larger which contradicts the optimality of {P } . This contradiction shows the
t=t/

falsity of the supposition that 3¢ > 1 such that P® < P! < ... < P' TSP s

concluded that the price path is non-decreasing.

e The optimal price path converges to P*.

—t oo
A variational approach is used to characterize the limiting price. If {P is an

=1
optimal price path then it is non—decreasmg and is bounded above by P*. Therefore
lim; oo P! ex1sts and is denoted P. Consider a price path in which P! = Plfort<T
and Pt =P' + ¢ for t > T. Starting with period T, it yields a payoff of

W(ﬁ +5>
- {5¢ (?T + e,?T_]") + 63 [1 — ¢ (?T + e,?T_lﬂ ZTH} X
[d (?T +e)+ 8D~ [F - (1-0) F]

F Y e (PP L [0 (P e +0)] -

t=T+1 j=T+1

7 (P +e) -Tya (P 4e) (G- (-8 F)| +[7/(1-8) - Fl,

et T—1
where A’ = 62(66)77’5(;5 (P +eP " ! +5> H [1 — ¢ <?J +5,?j71 +5>} .
T=t j=t
This payoff is continuous in ¢ and equals the payoff from {?}zT when ¢ = 0.
Optimality requires that if the derivative of the payoff with respect to € is defined
then it equal 0 at ¢ = 0. Prior to taking the derivative, recall that

¢ (?T + g,ﬁT*) =3 ((?T te— ?T*) g (?“)) ,

43This is the only step in the proof that requires ¢ to be a non-increasing function.
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& <?t e, P +5> =% <<P =i 1) <?t71 +6>> ,t>T
When the derivative of ¢ is taken, it’ll be replaced with its alternative representation

of ¢ for purposes of the analysis.
Taking the derivative of the payoff with respect to ¢ :

o (P ) - (1-a8) 68 ((PT e =P ) g (P1)) o (P)
[vd (?T + a) +B8DT- 1}

—683 [1 — 6 (?T + s,?“ﬂ [vd (?T + s> + ﬂDTﬂ (aAT“ /e )

- {5¢ (?T + a,?T_1> 168 [1 — % (?T + a,?T_lﬂ AT“} ~d' (P + a)

X (e P )P )a (P I e (Pee 4]

t=T+1 j=T+1
[ (?t —i—s) Ayd (?t +a) —F-(1-6) F)}

—Z&”’[ o(P"+ P )] x

t=T+1
(PP (P (P )
J=T+1
t—1

—k —k—1 —t —t — R
T oo ) () T -

t—1

_ t—T (P 5,?_1 . Bt 1) (5K 8e
t;f 1o (P e )}j:l;lﬂ[l o (P + +6)|d (P + <) (08" 0e)
¢ 3 o fio (PP T [ (PraP o)
t=T+1 J=T+1

[7?' (?t + g) —Ald (?t + 5)} .

e 55— 53 @3 (P T Yo (P ) (T (P )

)_.

H [1 ¢<PJ te P 1+5)} —5%(55)7—%@%5,?

S () o (P ae)) (PP o (P )

N
)—nw
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T—1
H [1 —¢ <?k +e, P! +€>} :
k=t
k#j
Optimality requires that this derivative (if defined) equal zero at ¢ = 0, VT Consider

this derivative, evaluated at e = 0, as T'— oco. Since limyp_, o, P’ =P then

Tim @’((?T_ﬁ“)g(?T—l))g(?T—l) = 3(0)=0

T—oo

lim a’((?t?t*) g(?’ffl))gf (?H) = $(0)=0,t>T.

T—o0

Since 3/ (0) is defined by C5, then the above derivative of the payoff function is defined
(also using A2 and A3). Thus, as T' — oo, all of the expressions with 5/ equal zero
as do OA" /Oe and I /Oe. This leaves:

' (P) - {53 (0) + 63 [1 - 5(0)} Z} vd (P)
+ i §t=T [1 - (0)} ﬁ [1 - Zz)(())} [/ (P) — Bd' (P)]
_ i #T1-50)" [ () - Fod (P)]
 (P) — Byd' (P)
14(1*5(0)) ’

where & = § i 686 (0) [1 - @(0)}” -— 556351(0)5 (0)> .

Optimality then requires that «’ (P) — Ayd’ (P) = 0 which, by C7, implies P =
P*. This completes the proof of Theorem 4.

8 Appendix B

8.1 Representation of a Cartel Member’s Payoff

Key to our analysis is a useful representation of a firm’s payoff. To save on notation,
let ¢' = ¢ (P', P'!) denote the probability of detection in period ¢, as of the start
of period t. Suppose collusion is infinitely-lived (subject to detection interrupting
it) and the collusive price path is {Pt}zl. The payoff as of period ¢ can then be
represented as:

T (P +6¢" [(7) (1—6)) — D" —4d (P') — F] + 6 (1 — ¢") m (P'T)
+52 (1 . ¢t) QSH_l [(7’.‘:/ (1 o 5)) o ﬂth_l . 6761 (Pt) o ’Yd (Pt+1) . F]
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_|_52 (1 o ¢t) (1 _ ¢t+1) T (PH-?)

_|_53 (1 o ¢t) (1 _ ¢t+1) ¢t+2 %

R/ (1= 8)) = D = P (P') = o (P) = 9d (PF2) = F] + -
The firm earns 7 (Pt) in the current period. With probability ¢!, detection occurs
which results in 7 in all future periods and a penalty of D' + ~vd (P') + F. With

probability 1 — ¢!, detection does not occur so 7 (Ptﬂ) is earned in period ¢+ 1 and
so forth. This expression can be re-arranged to:

[m (P') =7 (P) 6 [ +68 (1= ¢!) 6"+ + (69)° (1= ¢') (1= 9'11) 2 -]
+6 (1= o) m (P)

—6(1— ') vd (PH1) 6 [¢t+1 68 (1— ¢ ¢ H2 (65)>2 (1= ") (1= ¢t+2) ¢+ +
+o (@ (1 =6) = FI[6¢" + 6% (1—¢") o1+ 6> (1= ¢") (1 —¢"F) 2 4]
—BD'16 ¢! +68 (1= ¢') 1 + (88)° (L= ¢') (L= 9') 92 4]

Let .
At—éz 68) "¢ [ [1 - ¢],
T=t j=t

where the convention is adopted that H [1 — } = 1. The above expression is
then:

Y ST (1= @) [w (PT) —5d (PT) AT] (26)
+[7/ (- 525T ¢TI} (1—¢7) — BD'IAT

The collusive payoff is represented as the stream of profit net of the expected present
value of damages, 7 (P7) — vd (P7) A7, less the expected present value of the fine,
6>, 5T*t¢TH]T-;tl (1 — ) F, less the expected present value of inherited damages,
BD!LAY plus the value from not colluding, (7/ (1 —§)) § 3.2, 6T_t¢TH]T;tl (1- q57) .
As an aside, if firms choose to dissolve the cartel after period T" then the analogue
0(26) is (for t <T'):

T
ST (1 ) [ (PT) — d (PT) A7) (27)
T
FI@E/(1-8) ~ F]6 3 676} (1 ¢/) — gD A"

T=t

+6T 1 tH [(7/(1-6)) — 0o (PT,DT)],

39



where
T—1

_625I8Tt¢TH( (by)

j=t

Returning to (26), let us manipulate the term [(7/ (1 — 8)) — F]§ >.°2, 6T_t¢>TH]T;tl (1—¢):

(@) (1=6)) = F]6) " '¢"I~} (1-¢)

T=t

= [(7/(1-6))— F]{6¢' + 52 (1—¢') Gt 4 63 (1-¢%) (1- ¢t+1) P2 4 3

= [F—(1—=08)F] {&ptiéf +6%(1—¢") ¢t iy
=0 7=0

+ 63 (1 —¢t) (1 _¢t+1) ¢t+2257 +}
7=0

— R (-6 FI {66 482 ¢+ (1— ¢) 9] +
6 6+ (1— ¢t) 1 + (1= ¢t) (1— o+1) 6t*2] + -}

= [(7?/(1—5)) Fl=[F =1 =) F][(1+6+6+-) —6¢'
6 (o' + (1-¢") ¢
( _|_ (1 (bt) ¢t+1 ( (bt) (1 _ ¢t+1) ¢t+2) . ]
= [(7?/(1*5)) Fl—[r—(1-6)F] x

{1‘|‘6(1*¢)t) +52[ Qst ( 7¢t) ¢t+1]

183 [1—¢' — (1— ¢! P+l — (1-¢") (1 7¢t+1) ¢t+2] o
= [@/(1=8) - F]-[x—(1-6)F] x

{1‘|‘6(1*¢)t) +52 (17¢t) (17¢t+1)

483 (1—¢!) (1 - ¢t+1) (1- ¢t+2) T

o0

= (@ (1-6) - Fl-[F—(1-6)F Y &' (1-¢).

T=t
Substituting this expression into (26):

DT (L= ) ([ (PT) —qd (PT) AT~ [ — (L - &) F]}  (28)

—BDTIAY 4 (7 (1 - 6)) — F].

8.2 Derivation of Steady-State Payoff

Using (28), the steady-state payoff associated with a stationary price of P is

Zét[lm}t{wﬂ)( o )wl(P)
t=0

1-63[1-0(0)]
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_ 5(0) D1
1- 63 [1-6(0)]
where note that R
At — 6¢ (O)A )
1- 68 [1-6(0)]

or

- 66(0)
[1—6(1—5(0) } [1%(1@(0))})%(13)
5 (0) 7 586 (0)
" _[15(1@(0))}} K15>F} - [1-5&(1—@(0))} (1-8) )

Some manipulations reveal it equals:

(1—8)7(P)+6¢(0)[F — (1—8) F] — (1-6)6¢(0) (vd (P) / (1 - B))
[1—6(1—@(0))} (1-6)

This exceeds the payoff from discontinuing collusion iff

(1—8)7(P)+64(0)[F — (1—8) F] — (1-6)6¢(0) (vd (P) / (1 - B))
[1—5(1—5(0))} (1-6)

—o(yd(P)/(1-0)).

i
B
>
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For this condition to hold independent of o, it is necessary and sufficient that

7 (P) — 53 (0) K”ld(];)) +F] > 7.

This is C6.

8.3 Sufficient Conditions for Cartel Formation

If the penalty parameters and the probability of detection function are sufficiently
small, one can show that an infinitely-lived cartel is preferable to not colluding.
However, cartel formation is also optimal with minimal constraints on the damage
and detection parameters. Specifically, collusion is preferred when A2-A4, C1-C6,
d(ﬁ) =0, F =0, 0 (P}, DY) = 0V (P, D1) ) PO = P, and D° = 0. The
result is robust to small changes in these assumptions.

If it is not optimal to form a cartel in the first period then, by stationarity, it is
not optimal to form it in any period. Thus, a cartel is formed iff it is optimal to do
so in the first period. Consider the cartel colluding at a price of P in period 1 only.
The associated payoff is:

7 (P) — §¢ <P, 13) vd (P)+6[7] (1 6)].
This is strictly preferable to not colluding in all periods iff:
7 (P) — 56 <P,]3) vd(P)+6[7)(1—96)] > 7/(1-6) <

7 (P) — 8¢ (P, ﬁ) Nd(P) > 7.

First note that the lhs expression equals 7 when P = P because d (ﬁ) = 0. Taking

the derivative of the lhs expression and evaluating it at P = P:
7 (13) — 60 (0)d' (13) :
as ¢ (0) = 0. By C7,
o (P) - [s0) /(=0 (P) =0

from which it follows that 7/ (13> — 66 (0)vd’ (13> > 0. Therefore, by the continuity
of these functions, 3¢ > 0 such that

7 (P) — 6¢ (P,JB) ~d(P) > 7 VP € (]3,13+5>.

It is then optimal to form a cartel.
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Figure 1B
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Figure 2
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