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Devwudfw

Dvvxplqj wkdw wkh suredelolw| d fduwho lv ghwhfwhg ghshqgv rq wkh sulfh lw vhwv/
rswlpdo fduwho sulflqj lv fkdudfwhul}hg1 Zkhq ghwhfwlrq ghshqgv rqo| rq wkh sulfh
ohyho/ wkh rswlpdo sulfh sdwk kdv d 3whqghqf|4 wr ghfuhdvh ryhu wlph1 Zkhq
ghwhfwlrq ghshqgv rqo| rq sulfh fkdqjhv/ wkh rswlpdo sulfh sdwk lv lqfuhdvlqj
ryhu wlph1 Lq wkdw fdvh/ wkh vwhdg|0vwdwh fduwho sulfh lv ghfuhdvlqj lq wkh gdpdjh
pxowlsoh exw lv lqghshqghqw ri wkh ohyho ri ?qhv1 Khqfh/ li wkhuh duh rqo| ?qhv
wkhq wkh vwhdg|0vwdwh fduwho sulfh lv wkh sulfh wkdw hphujhv lq wkh devhqfh ri
dqwlwuxvw odzv 0 wkh vlpsoh prqrsro| sulfh1

WL zdqw wr wkdqn Edwhv/ Zklwh dqg Edoodqwlqh iru uh0vwlpxodwlqj p| lqwhuhvw lq wklv wrslf1 L*g
dovr olnh wr dfnqrzohgjh wkh frpphqwv ri P|rqj Fkdqj/ zlwk zkrp L ruljlqdoo| glvfxvvhg wklv wrslf
pruh wkdq whq |hduv djr/ Mlpp| Fkdq/ Iuhg Fkhq/ vhplqdu sduwlflsdqwv dw Zdnh Iruhvw/ Wrurqwr/
frqihuhqfh sduwlflsdqwv dw HDULH 5334/ dqg wkh hqwkxvldvwlf uhvhdufk dvvlvwdqfh ri Mrh Fkhq1
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4 Lqwurgxfwlrq

Vlqfh wkh ehjlqqlqj ri I\ 4<<:/ wkh Dqwlwuxvw Glylvlrq kdv survhfxwhg
lqwhuqdwlrqdo fduwhov d>hfwlqj ryhu '43 eloolrq lq X1V1 frpphufh 111 ^Wkhvh
fduwhov` kdyh ehhq eljjhu/ lq whupv ri wkh yroxph ri d>hfwhg frpphufh
dqg wkh dprxqw ri kdup fdxvhg wr Dphulfdq exvlqhvvhv dqg frqvxphuv/
wkdq dq| frqvsludflhv suhylrxvo| hqfrxqwhuhg e| wkh Dqwlwuxvw Glylvlrq1
^Dqqxdo Uhsruw/ Dqwlwuxvw Glylvlrq/ Xqlwhg Vwdwhv Ghsduwphqw ri Mxvwlfh/
4<<<= ss1 809`

Lqwhuqdwlrqdo fduwhov duh hvwlpdwhg wr uhsuhvhqw d gudlq ri kxqguhgv ri
ploolrqv ri hxurv rq wkh Hxurshdq hfrqrp|1 111 Vlqfh 4<<;/ wkh qxpehu ri
fduwho fdvhv lqyhvwljdwhg e| wkh Frpplvvlrq kdv lqfuhdvhg gudpdwlfdoo|1
^Hxurshdq Frppxqlw| Frpshwlwlrq Srolf|/ [[[wk Uhsruw rq Frpshwl0
wlrq Srolf|/ 5333= ss1 57058`

Dv wkhvh txrwhv iurp Dphulfdq dqg Hxurshdq dqwlwuxvw dxwkrulwlhv vxjjhvw/ sulfh0
?{lqj uhpdlqv d shuhqqldo sureohp zklfk pdnhv lw doo wkh pruh lpsruwdqw wkdw zh
xqghuvwdqg zkhq fduwhov irup dqg/ zkhq wkh| gr irup/ krz wkh| ehkdyh1 Vxfk
xqghuvwdqglqj surylghv wkh edvlv iru ghwhfwlqj fduwhov dqg ghyhorslqj srolflhv wr ghwhu
wkhlu irupdwlrq1

Ri frxuvh/ wkhuh lv d yroxplqrxv olwhudwxuh rq frooxvlyh sulflqj14 Uhvhdufk kdv
h{dplqhg wkh lpsdfw rq wkh sulfh ohyho dqg sulfh sdwk ri ghpdqg pryhphqwv/5 pxowl0
pdunhw ryhuods/6 surgxfw gl>huhqwldwlrq/7 ?up dv|pphwulhv/8 dqg lqyhvwphqw/ hqwu|/
dqg h{lw19 Vrph zrun doorzv iru lpshuihfw prqlwrulqj ri ?up frpsoldqfh zlwk wkh
frooxvlyh djuhhphqw: dqg zkhq ?upv kdyh sulydwh lqirupdwlrq1; Lq vslwh ri doo ri
wklv zrun/ dq lpsruwdqw glphqvlrq wr sulfh0?{lqj fduwhov kdv odujho| ehhq ljqruhg1
Lq oljkw ri wkh loohjdolw| ri sulfh0?{lqj/ d fulwlfdo jrdo idfhg e| d fduwho lv wr
dyrlg wkh dsshdudqfh wkdw wkhuh lv d fduwho1 Ilupv zdqw wr udlvh sulfhv exw
qrw vxvslflrqv wkdw wkh| duh frruglqdwlqj wkhlu ehkdylru1 Li kljk sulfhv ru udslgo|
lqfuhdvlqj sulfhv ru/ pruh jhqhudoo|/ dqrpdorxv sulfh pryhphqwv pd| pdnh fxvwrphuv

4Wkh fodvvlf sdshuv duh Iulhgpdq +4<:4, dqg Deuhx +4<;9,1
5Urwhpehuj dqg Vdorqhu +4<;9,/ Kdowlzdqjhu dqg Kduulqjwrq +4<<4,/ Ndqgrul +4<<4,/ dqg Edjzhoo

dqg Vwdljhu +4<<:,1
6Kduulqjwrq +4<;:,/ Ehuqkhlp dqg Zklqvwrq +4<<3,/ dqg Vsdjqror +4<<<,1
7Ghqhfnhuh +4<;6,/ Fkdqj +4<<4/ 4<<5,/ Urvv +4<<5,/ Iulhgpdq dqg Wklvvh +4<<6,/ dqg Udlwk

+4<<9,1
8Udgqhu +4<::,/ Rveruqh dqg Slwfkln +4<;6/ 4<;:,/ Edh +4<;:,/ Kduulqjwrq +4<;:d/ 4<<4d,/ dqg

Urwkvfklog +4<<<, dqg vhh wkh zrun rq frooxvlrq zlwk lqyhvwphqw1
9Eurfn dqg Vfkhlqnpdq +4<;8,/ Ehqrlw dqg Nulvkqd +4<;:/ 4<<4,/ Kduulqjwrq +4<;<e/ 4<<4e,/

Gdylgvrq dqg Ghqhfnhuh +4<<3,/ Ihuvkwpdq dqg Jdqgdo +4<<7,/ Ihuvkwpdq dqg Pxoohu +4<;9,/ Vwdljhu
dqg Zrodn +4<<5,/ Hvzdudq +4<<:,/ Eurg dqg Vklydnxpdu +4<<<,/ Ihuvkwpdq dqg Sdnhv +5333,/ dqg
gh Urrv +5333,1

:Vwljohu +4<97,/ Juhhq dqg Sruwhu +4<;7,/ Sruwhu +4<;6,/ Deuhx/ Shdufh dqg Vwdfkhwwl +4<;9,/ dqg
Dr|djl +5333,1

;Dwkh| dqg Edjzhoo +4<<<, dqg Dwkh|/ Edjzhoo/ dqg Vdqfklulfr +5333,1 Dovr vhh Urehuwv +4<;8,/
Nlkovwurp dqg Ylyhv +4<;<,/ Fudpwrq dqg Sdoiuh| +4<<3, dqg Nlkovwurp dqg Ylyhv +4<<5, iru hduo|
zrun lq d qrq0uhshdwhg jdph vhwwlqj1
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dqg wkh dqwlwuxvw dxwkrulwlhv vxvslflrxv wkdw d fduwho lv rshudwlqj/ rqh zrxog h{shfw
wklv wr kdyh lpsolfdwlrqv iru krz wkh fduwho sulfhv1

Wkh remhfwlyh ri wklv uhvhdufk surmhfw lv wr h{soruh wkh lpsolfdwlrqv iru fduwho
sulflqj lq wkh suhvhqfh ri ghwhfwlrq frqvlghudwlrqv1 Vrph ri wkh txhvwlrqv wr eh
dgguhvvhg lqfoxgh= Zkdw duh wkh surshuwlhv ri wkh frooxvlyh sulfh sdwk zkhq d fduwho
wdnhv lqwr dffrxqw wkh srvvlelolw| ri ghwhfwlrqB Krz grhv wkh surfhvv ri ghwhfwlrq
lq xhqfh wkrvh surshuwlhvB Krz grhv wkh sulfh sdwk uhvsrqg wr dqwlwuxvw srolf|B Duh
gdpdjhv ru ?qhv pruh h>hfwlyh dw glvfrxudjlqj frooxvlrqB

Lq wklv sdshu/ wkh mrlqw sur?w pd{lpl}lqj sulfh sdwk lv fkdudfwhul}hg xqghu ydulrxv
dvvxpswlrqv derxw krz wkh sulfh sdwk pljkw lq xhqfh ghwhfwlrq1 Iru zkhq ghwhfwlrq
ghshqgv rqo| rq wkh ohyho ri sulfh/ lw lv vkrzq wkdw wkh fduwho lqlwldoo| udlvhv sulfh dqg
wkhq 3whqgv4 wr uhgxfh lw1 Iru zkhq ghwhfwlrq ghshqgv rq wkh fkdqjh lq sulfh/ wkh
fduwho lqvwhdg judgxdoo| udlvhv sulfh1 Iru wkdw fdvh/ lw lv vkrzq wkdw wkh vwhdg|0vwdwh
fduwho sulfh lv ghfuhdvlqj lq wkh gdpdjh pxowlsoh dqg wkh suredelolw| ri ghwhfwlrq
exw lv lqghshqghqw ri wkh ohyho ri ?qhv1 Ixuwkhupruh/ li ?qhv duh wkh rqo| shqdow|/
wkh fduwho*v vwhdg|0vwdwh sulfh lv wkh vdph dv lq wkh devhqfh ri dqwlwuxvw odzv/ wkrxjk
?qhv gr d>hfw wkh sdwk wr wkh vwhdg|0vwdwh1 Ilqdoo|/ d pruh vwulqjhqw vwdqgdug iru
fdofxodwlqj gdpdjhv dfwxdoo| lqfuhdvhv wkh vwhdg|0vwdwh sulfh wkrxjk lw pd| glvvxdgh
?upv iurp frooxglqj dw doo1

Uhodwhg Zrun D ihz sdshuv kdyh lqyhvwljdwhg/ lq d vwdwlf vhwwlqj/ rswlpdo fduwho
sulflqj xqghu wkh frqvwudlqw ri srvvleoh ghwhfwlrq1 Eorfn/ Qrog/ dqg Vlgdn +4<;4,
frqvlghu d vwdwlf roljrsro| prgho lq zklfk wkh suredelolw| ri ghwhfwlrq ghshqgv rq wkh
sulfh0frvw pdujlq dqg wkh shqdow| lv d pxowlsoh ri deryh0qrupdo sur?wv1 Wkh| vkrz
wkdw wkh rswlpdo fduwho sulfh lv ehorz wkh prqrsro| sulfh dqg wkdw wkh fduwho sulfh lv
ghfuhdvlqj lq wkh shqdow| pxowlsoh dqg lq wkh ohyho ri hqirufhphqw h{shqglwxuhv +kljkhu
ohyhov ri zklfk udlvh wkh suredelolw| ri ghwhfwlrq,1 Vsloohu +4<;9,/ Vdodqw +4<;:,/ dqg
Ednhu +4<;;, h{whqg wklv w|sh ri prgho wr doorz ex|huv wr dgmxvw wkhlu sxufkdvhv
xqghu wkh dqwlflsdwlrq wkdw wkh| pd| eh deoh wr froohfw pxowlsoh gdpdjhv li vhoohuv
duh vkrzq wr kdyh ehhq frooxglqj1 Dovr zlwklq d vwdwlf vhwwlqj/ Ehvdqnr dqg Vsxoehu
+4<;</ 4<<3,/ OdFdvvh +4<<8,/ Sror +4<<:,/ dqg Vdòg +5334, kdyh h{soruhg d frqwh{w lq
zklfk ?upv kdyh sulydwh lqirupdwlrq/ zklfk lq xhqfhv zkhwkhu ru qrw wkh| frooxgh/
dqg hlwkhu wkh jryhuqphqw ru ex|huv pxvw ghflgh zkhwkhu wr sxuvxh frvwo| ohjdo
dfwlrq1< Wzr sdshuv kdyh frqvlghuhg d g|qdplf vhwwlqj1 F|uhqqh +4<<<, prgl?hv
Juhhq dqg Sruwhu +4<;7, e| dvvxplqj wkdw d sulfh zdu/ dqg wkh hqvxlqj udlvlqj ri
sulfh diwhu wkh zdu/ uhvxowv lq ghwhfwlrq iru vxuh dqg zlwk lw d ?{hg ?qh1 Khqfh/
wkh dqwlwuxvw dxwkrulw| vhuyhv wr orzhu wkh sxqlvkphqw sd|r> dvvrfldwhg zlwk sulfh
idoolqj ehorz wkh wuljjhu sulfh1 Wklv orrvhqv xs lqfhqwlyh frpsdwlelolw| frqvwudlqwv
dqg pdnhv frooxvlrq hdvlhu$ Prwwd dqg Sror +5334, frqvlghu wkh h>hfwv ri ohqlhqf|
surjudpv rq wkh lqfhqwlyhv wr frooxgh lq d uhshdwhg jdph ri shuihfw prqlwrulqj1 Lq
wkdw prgho/ wkh suredelolw| wkh fduwho lv ghwhfwhg lv dvvxphg ?{hg1 Zkloh wkhvh sdshuv
udlvhv vrph ri wkh vdph lvvxhv/ wkh| h{foxgh wkh vrxufhv ri g|qdplfv wkdw duh wkh irfl

<Dovr/ Ohy| dqg Urgultxh} +4<;:, lqyhvwljdwh fduwho sulflqj zkhq dq dqwlwuxvw fdvh lv shqglqj
dqg sulfh lq xhqfhv wkh udwh ri hqwu| exw qrw wkh wlplqj ri d ghflvlrq qru wkh sd|r> lq wkh hyhqw ri
ehlqj irxqg jxlow| ri frooxglqj1
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ri rxu dqdo|vlv1 Vshfl?fdoo|/ fhqwudo lq rxu prgho lv krz wkh sulfh sdwk lq xhqfhv wkh
suredelolw| ri ghwhfwlrq dqg wkh shqdow| lq wkh hyhqw ri ghwhfwlrq1

5 Prgho

Wkh uhsuhvhqwdwlyh ?up*v sur?w zkhq doo ?upv fkdujh d sulfh ri S lv ghqrwhg ä +S , = Li
wrwdo pdunhw ghpdqg lv G +S , zkhq wkh frpprq sulfh lv S dqg d ?up*v frvw ixqfwlrq
lv F +ü, wkhq wkh sur?w ixqfwlrq wdnhv wkh irup

ä +S , @ S +G +S , @q,ýF +G +S , @q,

jlyhq q è 5 ?upv1 ó lv wkh vhw ri ihdvleoh sulfhv1 Lq wkh devhqfh ri wkh irupdwlrq ri
d fduwho/ d v|pphwulf htxloleulxp lv dvvxphg wr h{lvw zklfk hqwdlov d sulfh ri eS dqg
?up sur?w ri eä è 3=

Li ?upv irup d fduwho/ wkh| shulrglfdoo| phhw wr ghwhuplqh sulfh +zlwk wkhvh phhw0
lqj surylglqj wkh 3vprnlqj jxq4 li dq lqyhvwljdwlrq lv sxuvxhg,143 Wkh sulfh lq shulrg
w lv ghqrwhg S | dqg hdfk ?up hduqv sur?w ri ä

ý
S |
ü
1 Wkh fduwho lv ghwhfwhg zlwk vrph

suredelolw| dqg lqfxuv vrph ohyho ri h{shfwhg gdpdjhv lq wkdw hyhqw1 Ghwhfwlrq fdq
eh ylhzhg dv wkh hqg ri wkh krul}rq zlwk d whuplqdo sd|r> ri ^eä@ +4ý ï,`ýG| ý I
zkhuh G| lv d ?up*v +h{shfwhg, gdpdjhv lq wkh hyhqw wkh fduwho lv ghwhfwhg dqg I
lv dq| +h{shfwhg, ?qhv144 Li qrw ghwhfwhg/ frooxvlrq frqwlqxhv rq wr wkh qh{w shulrg1
Wkhuh lv dq lq?qlwh qxpehu ri shulrgv1 Shqdowlhv dqg ?qhv duh dvvxphg wr eh vx!0
flhqwo| erxqghg iurp deryh iru doo klvwrulhv vr wkdw wkh h{shfwhg suhvhqw ydoxh ri d
?up*v lqfrph vwuhdp lv dozd|v srvlwlyh +wkdw lv/ edqnuxswf| lv dyrlghg,1

Gdpdjhv duh dvvxphg wr hyroyh lq wkh iroorzlqj pdqqhu=

G| @ ñG|3� . ðg
ý
S |
ü
zkhuh ñ 5 ^3> 4, > ð è 3=

Dv wlph surjuhvvhv/ gdpdjhv lqfxuuhg lq suhylrxv shulrgv ehfrph lqfuhdvlqjo| gl!fxow
wr grfxphqw dqg 4 ý ñ phdvxuhv wkh udwh ri wkh ghwhulrudwlrq ri wkh hylghqfh145

g
ý
S |
ü
lv wkh ohyho ri gdpdjhv lqfxuuhg lq wkh fxuuhqw shulrg zkhuh ð lv wkh pxowlsoh

ri gdpdjhv wkdw d ?up fdq h{shfw wr sd| li irxqg fdxjkw frooxglqj1 Zkloh X1V1
dqwlwuxvw odz vshfl?hv wuheoh gdpdjhv/ ð frxog eh ohvv wkdq wkuhh ehfdxvh d fdvh lv
vhwwohg rxw0ri0frxuw1 Vlqjoh gdpdjhv lv qrw xqxvxdo iru dq rxw0ri0frxuw vhwwohphqw146

Ixuwkhupruh/ wkh suredelolw| ri ehlqj irxqg jxlow| frqglwlrqdo rq dq lqyhvwljdwlrq lv
43Iru dqrwkhu prgho hqfrpsdvvlqj phhwlqjv/ vhh PfFxwfkhrq +4<<:,1
44 Lq wklv prgho/ gdpdjhv uhihuv wr dq| shqdow| wkdw lv vhqvlwlyh wr wkh sulfh fkdujhg dqg wkh ohqjwk

ri wlph wkh fduwho kdv ehhq lq sodfh zkloh ?qhv uhihu wr shqdowlhv wkdw duh ?{hg zlwk uhvshfw wr wkh
hqgrjhqrxv yduldeohv1 Dovr/ rqh frxog doorz iru wkh fduwho wr eh uhhvwdeolvkhg vrphwlph lq wkh ixwxuh
dqg L vxvshfw pdq| uhvxowv zrxog qrw fkdqjh1

45Dvvxplqj d ghsuhfldwlrq udwh wr gdpdjhv lv lpsruwdqw dqdo|wlfdoo| dv lw erxqgv wkh shqdow|1
Dq dowhuqdwlyh dssurdfk lv wr lpsrvh d vwdwxwh ri olplwdwlrqv vr wkdw wkh gdpdjh shqdow| lv wkh
vxp ri gdpdjhv lqfxuuhg ryhu d erxqghg qxpehu ri shulrgv lqwr wkh sdvw1 L frqmhfwxuh wkh vdph
w|sh ri lqvljkw zrxog hphujh xqghu vxfk dq dvvxpswlrq1 L wkdqn Whg R*Grqrjkxh iru pdnlqj wklv
vxjjhvwlrq1

46Vhh Frqqru +5334, dqg Zklwh +5334, iru vrph hvwlpdwhv ri gdpdjhv dvvrfldwhg zlwk wkh o|vlqh
fduwho1
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hpehgghg lq ð= Lq wkdw fdvh/ ð frxog eh ohvv wkdq rqh1 Zkloh wklv vwuxfwxuh lv qrw
suhvxphg lq rxu dqdo|vlv/ fxuuhqw dqwlwuxvw sudfwlfh fdofxodwhv gdpdjhv dv iroorzv=
g
ý
S |
ü
@
í
S | ý eSìýG ýS |ü @qü =47

Ghwhfwlrq ri d fduwho fdq rffxu iurp pdq| vrxufhv> vrph ri zklfk duh uhodwhg wr
sulfh 0 vxfk dv fxvwrphu frpsodlqwv 0 dqg vrph ri zklfk duh xquhodwhg wr sulfh 0 vxfk
dv lqwhuqdo zklvwoheorzhuv dqg lqflghqwdo ghwhfwlrq e| yluwxh ri dq xquhodwhg ohjdo
fdvh148 Hyhq li wkh exon ri wkh suredelolw| ri ghwhfwlrq lv iurp wkh odwwhu vrxufhv/
dv orqj dv sulfh pryhphqwv d>hfw wkh olnholkrrg wkdw fxvwrphuv ehfrph vxvslflrxv
wkhq ghwhfwlrq frqvlghudwlrqv zloo lq xhqfh fduwho sulflqj1 Wkh suredelolw| ri d fduwho
ehlqj ghwhfwhg lq shulrg w lv ghqrwhg !

ý
S |> S |3�

ü
dqg lv dvvxphg wr ghshqg dw

prvw rq wkh fxuuhqw sulfh dqg wkh suhylrxv shulrg*v sulfh1 Lqwxlwlyho|/ kljk sulfhv
dqg2ru dqrpdorxv sulfh pryhphqwv +qrw hdvlo| h{sodlqhg e| d qrq0frooxvlyh prgho,
pd| fdxvhv fxvwrphuv wr ehfrph vxvslflrxv dqg sxuvxh ohjdo dfwlrq ru vkduh wkhlu
vxvslflrqv zlwk wkh dqwlwuxvw dxwkrulwlhv149 Lpsolflwo|/ ex|huv duh dvvxphg wr eh
irujhwixo lq wkdw wkhlu olnholkrrg ri ehfrplqj vxvslflrxv derxw frooxvlrq ghshqgv rqo|
rq wkh fxuuhqw dqg suhylrxv sulfh1 Ixwxuh dqdo|vlv zloo frqvlghu doorzlqj ex|huv wr eh
pruh vwudwhjlf lq wkhlu dqdo|vlv lq zklfk fdvh wkh hqwluh sulfh klvwru| pd| eh uhohydqw1
Rqh fdq lqwhusuhw !

í eS> eSì/ zklfk lv qrw uhvwlfwhg wr eh }hur/ dv d edvholqh suredelolw|
ri ghwhfwlrq gulyhq e|/ iru h{dpsoh/ lqwhuqdo zklvwoheorzhuv1

Lq shulrg 4/ ?upv kdyh wkh fkrlfh ri iruplqj d fduwho/ dqg ulvnlqj ghwhfwlrq dqg
gdpdjhv/ ru hduqlqj qrq0frooxvlyh sur?w ri eä= Li wkh| fkrrvh wkh iruphu/ wkh| fdq/
dw dq| wlph/ fkrrvh wr glvfrqwlqxh frooxglqj1 Lq wkdw hyhqw/ lw lv dvvxphg wkh|*oo
qhyhu frooxgh djdlq dqg uhfhlyh d whuplqdo sd|r> ri ^eä@ +4ý ï,` ý â ýS |3�>G|3�ü
zkhuh wkh odvw shulrg ri frooxvlrq lv shulrg wý 41 â ýS |3�> G|3�ü lv wr eh lqwhusuhwhg
dv wkh suhvhqw ydoxh ri wkh h{shfwhg shqdow| zkhq frooxvlrq lv glvfryhuhg diwhu wkh
glvvroxwlrq ri wkh fduwho +iru h{dpsoh/ e| d zklvwoheorzhu,1

Iru wkh sxusrvhv ri hvwdeolvklqj wkh h{lvwhqfh ri dq rswlpdo fduwho sulfh sdwk/ wkh
iroorzlqj dvvxpswlrqv duh lpsrvhg1 Dgglwlrqdo vwuxfwxuh zloo eh uhtxluhg wr ghulyh
surshuwlhv ri wkdw sdwk1

D4 ó ë ?n lv frpsdfw1

D5 ä = ó$ ? lv erxqghg dqg frqwlqxrxvo| gl>huhqwldeoh1

D6 g = ó$ ?n lv erxqghg/ frqwlqxrxvo| gl>huhqwldeoh/ dqg qrq0ghfuhdvlqj1

47 Li gdpdjhv duh edvhg rq frqvxphu vxusoxv wkhq/ xvlqj d olqhdu dssur{lpdwlrq/ _
ý
å |
ü
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2

ü ý
(
ý
å |
ü
*?
ü
n
ý
�
2

ü í
(
í eåì *?ìl é

48Iru d gdwd vhw ri 7< sulfh0?{lqj fdvhv/ Kd| dqg Nhooh| +4<:7, uhylhzv wkh ydulrxv zd|v lq zklfk
frooxvlrq zdv ghwhfwhg1 Iru h{dpsoh/ 45 fduwhov zhuh lghqwl?hg wkurxjk d Judqg Mxu| lqyhvwljdwlrq
ri dq xquhodwhg fdvh dqg 46 wkurxjk d frpsodlqw e| d fxvwrphu ru d orfdo/ vwdwh/ ru ihghudo djhqf|1

49Wkh Qdvgdt fdvh lv rqh lq zklfk wuxo| dqrpdorxv sulflqj uhvxowhg lq vxvslflrqv derxw frooxvlrq1
Lw zdv vfkroduv udwkhu wkdq pdunhw sduwlflsdqwv zkr revhuyhg wkdw ghdohuv dyrlghg rgg txrwhv dqg
xowlpdwho| h{sodlqhg lw dv d irup ri frooxvlyh ehkdylru +Fkulvwlh dqg Vfkxow}/ 4<<7,1 Wkrxjk wkh
pdunhw0pdnhuv zhuh qrw irxqg jxlow| ri d Vkhupdq Dfw ylrodwlrq/ wkh| glg sd| dq rxw0ri0frxuw
vhwwohphqw ri durxqg '4 eloolrq1

8



D7 ! = ó2 $ ^3> 4` lv frqwlqxrxv1

D8 â = óû?n $ ?n lv erxqghg/ frqwlqxrxv dqg qrq0ghfuhdvlqj1

D9 <S6 A eS vxfk wkdw äâ +S , ( 3 dv S ì S6=

Li g +S , @
í
S ý eSì +G +S , @q, wkhq g frxog eh ghfuhdvlqj iru vx!flhqwo| kljk

sulfhv zklfk frqwudglfwv D61 Krzhyhu/ xqghu uhdvrqdeoh dvvxpswlrqv rq ghpdqg
dqg frvw ixqfwlrqv/ g lv ghfuhdvlqj rqo| iru sulfhv dw zklfk ä lv ghfuhdvlqj zklfk
phdqv wkdw gâ +S , ? 3 rqo| li S A S61 Dv lw lv jhqhudoo| qrw rswlpdo iru wkh fduwho
wr sulfh deryh wkh vlpsoh prqrsro| sulfh/ dvvxplqj wkdw wkh gdpdjh ixqfwlrq lv
qrq0ghfuhdvlqj lq sulfh lv pdgh zlwkrxw orvv ri jhqhudolw|14:

Wkh fduwho fkrrvhv dq lq?qlwh sulfh sdwk vr dv wr pd{lpl}h wkh h{shfwhg vxp ri
glvfrxqwhg lqfrph zkhuh ï 5 +3> 4, lv lwv glvfrxqw idfwru1 Wr euhdn lqgl>huhqfh/ ?upv
duh dvvxphg wr frooxgh li wkh| duh lqgl>huhqw ehwzhhq frooxglqj dqg qrw frooxglqj1

Wkh irfxv ri wklv sdshu lv rq ghwhfwlrq wkurxjk wkh ohyho dqg pryhphqwv ri wkh
dyhudjh +ru frpprq, sulfh1 Dqrwkhu phwkrg ri ghwhfwlrq lv e| revhuylqj lqwhu0?up
sulfh glvshuvlrq> gr ?upv* sulfhv pryh lq sdudoohoB Zkloh zh nqrz/ ri frxuvh/ wkdw
lghqwlfdo sulfhv dqg sdudooho sulfh pryhphqwv duh frqvlvwhqw zlwk qrq0frooxvlyh prghov
+iru h{dpsoh/ wkh frpshwlwlyh prgho dqg d v|pphwulf roljrsro| prgho,/ lw pd| dovr
eh frqvlvwhqw zlwk frooxvlrq1 Ixwxuh uhvhdufk lqwhqgv wr h{soruh wklv dowhuqdwlyh phdqv
ri ghwhfwlrq dqg lwv lpsolfdwlrq iru sulflqj1

6 H{lvwhqfh ri dq Rswlpdo Sulfh Sdwk

Wkh edvlf sureohp lv rqh ri wkh fduwho pdqdjhu fkrrvlqj d sulfh sdwk wr pd{lpl}h
wkh h{shfwhg suhvhqw ydoxh ri wkh uhsuhvhqwdwlyh fduwho phpehu*v lqfrph vwuhdp1
Wr hvwdeolvk wkh h{lvwhqfh ri dq rswlpdo sulfh sdwk/ g|qdplf surjudpplqj lv xvhg1
Wkh vwdwh yduldeohv duh |hvwhugd|*v sulfh/ S |3�> dqg dffxpxodwhg gdpdjhv/ G|3�=
Y
ý
S |3�>G|3�

ü
ghqrwhv wkh ydoxh ixqfwlrq zkhq wkh fduwho lv vwloo ixqfwlrqlqj dv ri

shulrg w1 Lw lv gh?qhg dv wkh ?{hg srlqw wr=

4:Khuh lw lv dujxhg wkdw zkhq _ Eå ä '
í
å 3 eåì E( Eå ä *?ä/ wkh gdpdjh ixqfwlrq lv ghfuhdvlqj

lq sulfh dorqj wkh rswlpdo fduwho sulfh sdwk1 Li Z Eå ä ' å E( Eå ä *?ä 3 ä E( Eå ä *?ä dqg _ Eå ä 'í
å 3 eåì E( Eå ä *?ä wkhq Zâ 3 _â ' E�*?ä

k eå 3ä â E( Eå ä *?ä
l
(â Eå ä é Wkxv/ li eå : äâ E( Eå ä *?ä

wkhq _â : Zâ lq zklfk fdvh li sulfh lv vhw vr wkdw _â Eå ä ÷ f wkhq Zâ Eå ä ÷ fé Lq wkdw fdvh/ wkh
fduwho sulfh zrxog h{fhhg å6 zklfk lv qrw rswlpdo xqghu uhdvrqdeoh dvvxpswlrqv rq è1 Wkh ?qdo
vwhs lv wr vkrz wkdw eå : ä â E( Eå ä *?ä lv w|slfdoo| wuxh1 Iluvw qrwh wkdw vlqfh å : eå wkhq (â ÷

f lpsolhv ( Eå ä *? ÷ (
í eåì *?1 Li wkh frvw ixqfwlrq lv frqwlqxrxvo| gl>huhqwldeoh dqg pdujlqdo

frvw lv qrq0ghfuhdvlqj wkhq äâ
í
(
í eåì *?ì D äâ E( Eå ä *?ä é Ilqdoo|/ xqghu vwdqgdug dvvxpswlrqv/eå : äâ

í
(
í eåì *?ì dw d Qdvk htxloleulxp1 Iurp wkh odvw wzr lqhtxdolwlhv/ lw lv frqfoxghg wkdweå : äâ E( Eå ä *?ä é
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Y
ý
S |3�>G|3�

ü
@ pd{

åMl
ä +S , +4,

.ï!
ý
S>S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú

.ï
û
4ý ! ýS> S |3�üúûpd{iY ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj=
+eä@ +4ý ï,,ýñG|3�ýðg +S ,ýI lv wkh whuplqdo sd|r> dvvrfldwhg zlwk wkh fduwho

ehlqj ghwhfwhg1 Dovr qrwh wkdw ?upv kdyh wkh ixwxuh rswlrq ri glvpdqwolqj wkh fduwho
dqg uhfhlylqj d whuplqdo sd|r> ri +eä@ +4ý ï,, ý â ýS> ñG|3� . ðg +S ,ü = Doo surriv
duh lq Dsshqgl{ D1

Wkhruhp 4 Dvvxph D40D81 Dq rswlpdo sulfh sdwk h{lvwv1

H{lvwhqfh ri dq rswlpdo vroxwlrq lv wuxh xqghu zhdnhu dvvxpswlrqv wkdq D40D81
Doo wkdw lv uhtxluhg lv wkdw ä> g> â dqg ! duh frqwlqxrxv erxqghg ixqfwlrqv dqg ó lv
frpsdfw1

D qdwxudo vshfl?fdwlrq iru wkh srvw0fduwho shqdow| ixqfwlrq lv

â
ý
S |3�>G|3�

ü
@

"[
ô'|

ïô3|n�
û
ñô3|n�G|3� . I

ú
$ô
ý
S |3�

ü
zkhuh $ô

ý
S |3�

ü
lv wkh suredelolw| ri wkh fduwho ehlqj glvfryhuhg lq shulrg á +zklfk

pd| ghshqg rq wkh lqlwldo frqglwlrqv iru sulfh iru wkh srvw0fduwho shulrg,1 Lq wkdw fdvh/
â
ý
S |3�>G|3�

ü
lv dq d!qh ixqfwlrq ri G|3�1 Wklv surshuw| lv xvhg lq wkh qh{w uhvxow

zklfk vkrzv wkdw wkh ydoxh ixqfwlrq lv d ghfuhdvlqj frqyh{ ixqfwlrq ri dffxpxodwhg
gdpdjhv1

Wkhruhp 5 Dvvxph D40D7 dqg â lv d qrq0ghfuhdvlqj d!qh ixqfwlrq ri G|3�1 Wkhq
Y
ý
S |3�>G|3�

ü
lv d ghfuhdvlqj frqyh{ ixqfwlrq ri G|3�=

Lw lv xqvxusulvlqj wkdw wkh ydoxh ri frooxvlrq lv ghfuhdvlqj lq wkh dprxqw ri df0
fxpxodwhg gdpdjhv1 D kljkhu ydoxh iru G|3� phdqv d pruh vhyhuh shqdow| lq wkh
hyhqw ri ghwhfwlrq1 Lw lv dovr hdv| wr h{sodlq zk| wkh ydoxh ixqfwlrq lv frqyh{ lq
dffxpxodwhg gdpdjhv1 Kroglqj wkh sulfh sdwk ?{hg/ d ?up*v sd|r> lv olqhdu dqg
ghfuhdvlqj lq G|3� dv wkh h{shfwhg suhvhqw ydoxh ri wkh shqdow| dvvrfldwhg zlwk G|3�

lv G|3�
S"
ô'| +ïñ,

ô3|n� $ô zkhuh $ô lv wkh suredelolw| ri ghwhfwlrq lq shulrg á 1 Vlqfh
wkh fduwho fdq sduwldoo| plwljdwh wkh h>hfw ri lqfuhdvhg dffxpxodwhg gdpdjhv e| dg0
mxvwlqj wkh sulfh sdwk wr pdnh ghwhfwlrq ohvv olnho|/ wkh ydoxh ixqfwlrq/ dw hdfk ydoxh
ri G|3�> lv erxqghg iurp ehorz e| d olqhdu ghfuhdvlqj ixqfwlrq ri G|3� zklfk lv
wdqjhqw wr wkh ydoxh ixqfwlrq dw wkdw ydoxh ri G|3�=Zlwk wklv orzhu erxqg/ wkh ydoxh
ixqfwlrq lv wkhq +zhdno|, frqyh{ lq G|3�1 Xqiruwxqdwho|/ wkh frqyh{lw| ri wkh ydoxh
ixqfwlrq phdqv wkdw wkh fduwho*v remhfwlyh ixqfwlrq qhhg qrw eh frqfdyh dqg wklv zloo
frpsolfdwh wkh hqvxlqj dqdo|vlv1

:



7 Rswlpdo Sulfh Sdwk zkhq wkh Suredelolw| ri Ghwhfwlrq
Ghshqgv rq wkh Sulfh Ohyho

Suhylrxv vwdwlf dqdo|vhv ri wkh lq xhqfh ri dqwlwuxvw odz rq fduwho sulflqj kdyh dv0
vxphg wkdw wkh suredelolw| ri ghwhfwlrq lv dq lqfuhdvlqj ixqfwlrq ri sulfh1 Lq wklv
vhfwlrq/ zh frqvlghu wkhlu g|qdplfdo h{whqvlrq e| dvvxplqj wkh suredelolw| ri ghwhf0
wlrq ghshqgv rqo| rq wkh fxuuhqw sulfh1 Wkh pdlq frqfoxvlrq ri wklv vhfwlrq lv wkdw
wklv prghoolqj ri wkh suredelolw| ri ghwhfwlrq ixqfwlrq jhqhudwhv qrqvhqvlfdo uhvxowv
dqg/ wkhuhiruh/ ghwhfwlrq pxvw eh gulyhq e| pruh wkdq wkh fxuuhqw sulfh1

Lq hvwdeolvklqj wklv frqfoxvlrq/ d idlu dprxqw ri vwuxfwxuh lv dvvxphg zklfk olplwv
wkh jhqhudolw| ri wkh ?qglqjv1 Krzhyhu/ vlqfh wkh remhfwlyh lv wr vkrz wkdw wklv lv qrw
d frpshoolqj irupxodwlrq/ lw vhuyhv rxu sxusrvh wkdw wkh prgho lv yhu| zhoo0ehkdyhg
dv lw lv wkhq zlwk juhdwhu frq?ghqfh wkdw zh lqihu wkdw wkhvh qrqvhqvlfdo uhvxowv duh
gxh wr dq xquhdolvwlf prghoolqj ri wkh suredelolw| ri ghwhfwlrq ixqfwlrq1

E4 ó lv d frpsdfw frqyh{ vxevhw ri ?n dqg
k eS> S6l ë ó=

E5 <h! = ? $ ^3> 4` vxfk wkdw !
ý
S |> S |3�

ü
@ h! ýS |ü ; ýS |> S |3�ü 5 ó2=

E6 h! lv wzlfh frqwlqxrxvo| gl>huhqwldeoh/ h!â A 3> dqg h!ââ è 3=
E7 ä lv wzlfh frqwlqxrxvo| gl>huhqwldeoh dqg äââ ? 3=

E8 <ì A 3 vxfk wkdw g +S , @ ìä +S ,;S 5 ó dqg <S é eS vxfk wkdw g +S , @ 3=

Ghwhfwlrq ghshqgv rqo| rq wkh fxuuhqw sulfh e| E5 dqg/ e| E6/ wkh suredelolw|
ixqfwlrq lv lqfuhdvlqj dqg zhdno| frqyh{14; E7 hqvxuhv wkh frqfdylw| ri wkh sur?w
ixqfwlrq dqg E8 vlpsol?hv wkh dqdo|vlv e| dvvxplqj gdpdjhv duh sursruwlrqdo wr
sur?w1 Qrwh wkdw zkhq g +S , @

í
S ý eSì +G +S , @q, dqg ä +S , @ +S ý f, +G +S , @q,/

E8 lv vdwlv?hg l> eS @ f= Wkrxjk wklv lv udwkhu vshfldo/ lw lv wkh fdvh dvvxphg lq Eorfn
hw do +4<;4, dqg wkxv lv d qdwxudo rqh wr frqvlghu1 E40E8 duh doo frqvlvwhqw zlwk
Eorfn hw do +4<;4,1 Ilqdoo|/ qrwh wkdw wkh rqo| vwdwh yduldeoh lv G|3� vlqfh ! grhv qrw
ghshqg rq S |3�1

Wkhruhp 6 vkrzv wkdw wkh rswlpdo sulfh sdwk kdv d 3whqghqf|4 wr idoo ryhu wlph1
Wr eh pruh vshfl?f/ sulru wr srvvleo| uhdfklqj d vwhdg|0vwdwh/ lq hyhu| shulrg sulfh
zloo eh orzhu lq vrph ixwxuh shulrg1 Frqvlvwhqw zlwk wklv fkdudfwhul}dwlrq lv d zhdno|
ghfuhdvlqj sulfh sdwk +dqg vwulfwo| ghfuhdvlqj lq vrph shulrgv,1 Dovr frqvlvwhqw lv d
qrq0prqrwrqlf sulfh sdwk zlwk dq lq?qlwh vxevhtxhqfh zklfk lv zhdno| ghfuhdvlqj
ryhu wlph1 Wkdw lv/ wkhuh h{lvwv iwðj"ð'� > zkhuh wð 5 i4> 5> = = =j dqg w� ? w2 ? ü ü ü > vxfk
wkdw S |� è S |2 è ü ü ü14<

4;Vlqfh hè lv erxqghg deryh e| rqh/ lw lv uhvwulfwlyh wr dvvxph wkdw lw lv frqyh{ ryhu wkh hqwluh
grpdlq1 Rqh vkrxog wkhq lqwhusuhw wklv dvvxpswlrq dv vd|lqj wkdw hè lv frqyh{ ryhu wkdw sduw ri wkh
grpdlq zkhuh rswlpdo fduwho sulflqj rffxuv1

4<Wkh uhvxow suhvxphv wkdw fduwho irupdwlrq lv rswlpdo dqg wkh fduwho lv lq?qlwho|0olyhg1 Vx!flhqw
frqglwlrqv iru wklv wr eh wuxh duh wkdw wkh suredelolw| ri ghwhfwlrq lv vx!flhqwo| orz dqg wkh shqdow|
sdudphwhuv/ ò dqg 8 / duh vx!flhqwo| orz1

;



Wkhruhp 6 Dvvxph D9/ E40E8/ dqg Gf @ 3153 Li lw lv rswlpdo wr irup d fduwho
dqg frooxgh iruhyhu wkhq Gf ? G�/

õ
G|3�

ô"
|'�

lv qrq0ghfuhdvlqj ryhu wlph/ dqg=
l, li G|

â3� ? G|
â
wkhq <wââ A wâ vxfk wkdw S |â A S |

ââ
> dqg ll, li G|

â3� @ G|
â
wkhq

S | @ S |
â;w è wâ=

Zkloh lw kdv wkxv idu hvfdshg surri/ lw lv p| frqmhfwxuh wkdw wkh rswlpdo frooxvlyh
sulfh sdwk lv zhdno| ghfuhdvlqj ryhu wlph zkhq ?upv frooxgh iruhyhu1 Lq wkdw fdvh/
wkh lqlwldo sulfh pxvw h{fhhg wkh qrq0frooxvlyh sulfh ri eS=54 Wkxv/ wkh fduwho udwfkhwv
sulfh wr vrph kljk ohyho dqg wkhq uhgxfhv lw ryhu wlph zlwk sulfh hlwkhu ehfrplqj
frqvwdqw iurp vrph shulrg rqzdug ru dv|pswrwlqj vrph ydoxh155 Wkh edvlv iru wklv
frqmhfwxuh lv wkh iroorzlqj lqwxlwlrq1 Wkh fduwho ehjlqv zlwk qr +ru orz, dffxpxodwhg
gdpdjhv1 Dv frooxvlrq frqwlqxhv/ dffxpxodwhg gdpdjhv jurz zklfk phdqv d kljkhu
shqdow| lq wkh hyhqw ri ghwhfwlrq1 Vlqfh wkh suredelolw| ri ghwhfwlrq lv lqfuhdvlqj lq
sulfh/ d qdwxudo uhvsrqvh wr d kljkhu srwhqwldo shqdow| lv wr orzhu sulfh dqg wkhuhe|
uhgxfh wkh olnholkrrg ri ghwhfwlrq1 Jlyhq dffxpxodwhg gdpdjhv zhuh vkrzq wr eh
zhdno| lqfuhdvlqj/ lw zrxog vhhp txlwh lqwxlwlyh wkdw sulfh lv wkhq zhdno| ghfuhdvlqj1
Wkh rswlpdo sulfh sdwk lv olnho| wr hqwdlo vhwwlqj dq lqlwldoo| kljk sulfh dqg wkhq
uhgxflqj lw ryhu wlph1 Wkdw L kdyh ehhq xqdeoh wr suryh wklv uhvxow lv sduwldoo| gxh
wr wkh frpsolfdwlrqv fuhdwhg e| wkh ydoxh ixqfwlrq ehlqj frqyh{ +dv hvwdeolvkhg lq
Wkhruhp 5,1

Wr frq?up wklv lqwxlwlrq/ qxphulfdo dqdo|vlv zdv frqgxfwhg1 Dvvxph wzr ?upv/
d pdunhw ghpdqg ixqfwlrq ri G

ý
S |
ü
@ 4333ý S |/ frqvwdqw pdujlqdo frvw htxdoolqj

}hur/ dqg ï @ =<91 Wkh vlpsoh prqrsro| sulfh/ S6> lv wkhq 833 dqg wkh qrq0frooxvlyh
sulfh/ eS> lv vshfl?hg wr eh hlwkhu wkh Frxuqrw sulfh/ zklfk lv 666/ ru wkh frpshwlwlyh
sulfh/ zklfk lv }hur1 Wkh gdpdjh ixqfwlrq lv g

ý
S |
ü
@
í
S | ý eSì ýG ýS |ü @qü > ?qhv

duh }hur +I @ 3,/ dqg gdpdjhv duh dyrlghg iru fhuwdlq e| glvfrqwlqxlqj frooxvlrq/
â
ý
G|3�

ü
@ 3;G|3�= Wkh suredelolw| ri ghwhfwlrq lv vshfl?hg wr eh d olqhdu ixqfwlrq/h! ýS |ü @ plqq!f . !� íS | ý eSì > 4r/ dqg L doorz wkuhh vhwv ri ydoxhv iru +!f> !�, vr

wkdw= l, h!í eSì @ 3 dqg h! +S6, @ 3=4> ll, h!í eSì @ 3=4 dqg h! +S6, @ 3=7> dqg lll,h!í eSì @ 3=5 dqg h! +S6, @ 3=;=
Wkh ydoxh ixqfwlrq zdv ?uvw dssur{lpdwhg dv d slhfhzlvh olqhdu ixqfwlrq zlwk 683

euhdnsrlqwv1 Zlwk d glvfuhwl}hg sulfh vsdfh ri 433 srlqwv +dqg/ lq odwhu dqdo|vlv/
4333,/ wkh Ehoopdq htxdwlrq zdv vroyhg lwhudwlyho| vwduwlqj iurp dq lqlwldo jxhvv1
Wr fkhfn iru wkh dprxqw ri dssur{lpdwlrq huuru/ wkh Ehoopdq htxdwlrq zdv vroyhg
dvvxplqj d ?qhu sulfh julg dqg wkh ydoxh ixqfwlrqv zhuh frpsduhg1 Wkh fkdqjh lq wkh
ydoxh ixqfwlrq iurp d ?qhu julg zdv dozd|v h{wuhpho| vpdoo1 Kdylqj ghulyhg wkh ydoxh

53Wkh dvvxpswlrq ri (f ' f frxog eh uhsodfhg zlwk wkh frqglwlrq wkdw/ rq wkh rswlpdo sdwk/
(f ÷ (�é

54 Li wkh sulfh sdwk lv zhdno| ghfuhdvlqj dqg å � $ eå wkhq å | $ eåú| dqg å | ÷ eå iru vrph | +dv/ e|
Wkhruhp 6/ !| : � vxfk wkdw å � : å |äé Krzhyhu/ lw fdqqrw wkhq eh rswlpdo wr irup d fduwho vlqfh lw
uhvxowv lq d orzhu sd|r> wkhq eZ* E�3 Bä zklfk lv wkh sd|r> iurp qrw frooxglqj1

55Dv (|3� lv erxqghg iurp deryh e| ò_ Eå6ä * E�3 qä dqg õ(|3�ô"
|'�

lv zhdno| lqfuhdvlqj ryhu
wlph wkhq ,ð6|<"(|3� lv gh?qhg1 Khqfh/ ,ð6|<"å | lv gh?qhg1

<



ixqfwlrq/ wkh rswlpdo srolf| zdv ghulyhg1 Vshfli|lqj dq lqlwldo ohyho ri gdpdjhv ri
}hur/ wkh rswlpdo sulfh sdwk dqg sdwk ri dffxpxodwhg gdpdjhv zhuh wkhq jhqhudwhg1
Doo ri wklv dqdo|vlv zdv shuiruphg xvlqj PdwOde1

Uhsuhvhqwdwlyh ri uhvxowv duh Iljxuhv 4 dqg 51 H{dplqlqj Iljxuh 4D/ wkh ydoxh
ixqfwlrq lv ghfuhdvlqj dqg frqyh{ lq dffxpxodwhg gdpdjhv1 Wkh rswlpdo srolf| ixqf0
wlrq lv ghfuhdvlqj dv zhoo dqg wkhq ehfrphv  dw dw d sulfh htxdo wr eS zkhq dffxpx0
odwhg gdpdjhv duh vx!flhqwo| juhdw1 Iljxuh 4E vkrzv wkh wlph sdwk iru gdpdjhv dqg
sulfh zkhq Gf @ 3= Wkh sulfh ehjlqv durxqg 736/ zhoo deryh wkh qrq0frooxvlyh sulfh
ri 666/ dqg lv wkhq orzhuhg1 Lw dsshduv wr vhwwoh grzq dw d sulfh durxqg 69:1 Iljxuh
5 frqvlghuv d kljkhu suredelolw| ri ghwhfwlrq/ orzhu ydoxh iru ñ> dqg zkhq shuihfw
frpshwlwlrq lv wkh qrq0frooxvlyh vwdwh1

Iru wkh 69 sdudphwhu frq?jxudwlrqv frqvlghuhg/ doo ri wkh rswlpdo sulfh sdwkv
zhuh ghfuhdvlqj zlwk wzr fodvvhv ri h{fhswlrqv1 Lq vrph fdvhv/ wkh sulfh sdwk ghfolqhv
exw vhwwohv grzq wr d olplw f|foh1 L eholhyh wklv lv dq duwlidfw ri wkh fkrlfh vhw iru sulfh
ehlqj glvfuhwh dqg/ lqghhg/ lw whqgv wr glvdsshdu zkhq wkh ?qhqhvv ri wkh sulfh julg
lv lqfuhdvhg1 Vhfrqg/ ?upv pd| frooxgh iru d ?qlwh qxpehu ri shulrgv lq zklfk fdvh
sulfh ulvhv gxulqj wkh odvw ihz shulrgv1 Dv wkh ixwxuh ehfrphv ohvv lpsruwdqw/ wkhuh lv
ohvv frqfhuq derxw dgglqj wr gdpdjhv dqg wklv pdnhv kljkhu sulfhv pruh dwwudfwlyh1
Vwloo/ sulru wr wkdw hqg jdph h>hfw rffxuulqj/ sulfh lv ghfuhdvlqj1

P| rzq vhqvh lv wkdw d sdwk ri udlvlqj sulfh deryh wkh qrq0frooxvlyh ohyho dqg
wkhq orzhulqj lw ryhu wlph lv frxqwhuidfwxdo1 Wklv lv fhuwdlqo| frqwudu| wr wkh sulfh
sdwk dvvrfldwhg zlwk wkh flwulf dflg fduwho ryhu 4<;:04<<: zkhuh sulfh zdv judgxdoo|
lqfuhdvhg +Frqqru/ 4<<;,1 Lq wkdw wkhvh sulfh g|qdplfv duh wkh orjlfdo lpsolfdwlrq ri
kdylqj ghwhfwlrq ghshqg rqo| rq wkh sulfh ohyho/ L lqihu iurp wklv uhvxow wkdw ghwhf0
wlrq lv qrw odujho| gulyhq e| wkh sulfh ohyho1 Rqh uhdvrq wkdw wklv sulfh sdwk vhhpv
xqwhqdeoh lv wkdw d qhzo| iruphg fduwho wkdw vkduso| udlvhg sulfh +rqo| wr wkhq orzhu
lw, zrxog uxq xqqhfhvvdu| ulvnv ri fuhdwlqj vxvslflrqv dprqj ex|huv wkdw sulfh0?{lqj
lv rffxuulqj1 Wklv vxjjhvwv wkdw sulfh fkdqjhv/ udwkhu wkdq sulfh ohyhov/ pd| eh pruh
lq xhqwldo lq ghwhfwlrq dqg wkhuhe| eh d juhdwhu ghwhuplqdqw ri fduwho sulfh g|qdplfv1
Doorzlqj ghwhfwlrq wr ghshqg rq wkh fkdqjh lq sulfh lv h{soruhg lq wkh qh{w vhfwlrq1

8 Rswlpdo Sulfh Sdwk zkhq wkh Suredelolw| ri Ghwhfwlrq
Ghshqgv rq Sulfh Fkdqjhv

Zkloh lw pd| eh gl!fxow iru lqglylgxdov h{whuqdo wr d ?up/ vxfk dv ex|huv/ wr kdyh
uhdvrqdeo|0lqiruphg eholhiv derxw wkh ohyho ri frvw dqg ghpdqg/ lw pd| eh txlwh
uhdvrqdeoh iru wkhp wr uhfhlyh qrlv| vljqdov ri fkdqjhv lq frvw ru ghpdqg dqg eh deoh
wr pdnh dvvhvvphqwv derxw zkdw lv d uhdvrqdeoh fkdqjh lq sulfh> 3uhdvrqdeoh4 lq wkh
vhqvh wkdw lw lv frqvlvwhqw zlwk qrq0frooxvlyh ehkdylru1 Wklv ylhz kdv suhylrxvo| ehhq
duwlfxodwhg=

Vlpxowdqhrxv sulfh lqfuhdvhv dqg rxwsxw uhgxfwlrqv xqh{sodlqhg e|
dq lqfuhdvh lq frvw pd| wkhuhiruh eh jrrg hylghqfh ri wkh lqlwldwlrq ri
d sulfh0?{lqj vfkhph/ zkloh fkdqjhv lq wkh rssrvlwh gluhfwlrq pljkw eh
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xvhg dv hylghqfh wkdw d fduwho kdv mxvw froodsvhg1 Qrwlfh wkdw lw lv qrw
qhfhvvdu| wr ghwhuplqh zkdw wkh ?upv* pdujlqdo frvwv duh ru zkdw wkh
frpshwlwlyh sulfh dqg rxwsxw zrxog eh1 Rqh vlpso| revhuyhv sulfh dqg
rxwsxw fkdqjhv dqg dvnv zkhwkhu fkdqjhv lq frvwv ru lq ghpdqg h{sodlq
wkhp/ ru zkhwkhu lw lv qhfhvvdu| wr srvlw fduwhol}dwlrq1 ^Srvqhu +4<:9,/
ss1 9909:1`

Lqlwldoo|/ L*yh fkrvhq wr vlpsoli| pdwwhuv e| qrw h{solflwo| prghoolqj wkhvh frvw
dqg ghpdqg vkrfnv dqg lqvwhdg wr dvvxph wkdw eljjhu sulfh fkdqjhv duh pruh olnho|
wr wuljjhu ghwhfwlrq1 Lq wkh frqwh{w ri d vwdwlrqdu| hqylurqphqw/ eljjhu sulfh fkdqjhv
vkrxog vhhp pruh sx}}olqj1 Wkh yluwxh ri wklv vlpsol?fdwlrq lv wkdw wkh rswlpdo
sulfh sdwk lv ghwhuplqlvwlf zklfk lv frqgxflyh wr ghulylqj uhvxowv1 Ixwxuh uhvhdufk
zloo h{solflwo| doorz iru frvw dqg ghpdqg vkrfnv dqg/ pruh jhqhudoo|/ frqvlghu ulfkhu
prghov ri ghwhfwlrq1

Wr fkdudfwhul}h surshuwlhv ri wkh rswlpdo sulfh sdwk/ wkh iroorzlqj vwuxfwxuh qhhgv
wr eh dvvxphg1

F4 ó lv d frpsdfw frqyh{ vxevhw ri ?n dqg
k eS>S6l ë ó =

F5 <e! = ? $ ^3> 4` dqg j = ? $ ?nn> zkhuh j lv d vwulfwo| srvlwlyh/ qrq0lqfuhdvlqj/
frqwlqxrxvo| gl>huhqwldeoh ixqfwlrq/ vxfk wkdw

!
ý
S |> S |3�

ü
@ e! ýýS | ý S |3�ü j ýS |3�üü ; ýS |> S |3�ü 5 ó2=

F6 Li { è | è 3 wkhq e! +{, è e! +|, =
F7 e! +{, è e! +3, ;{ 5 ? dqg e! +3, 5 ^3> 4, =
F8 <% A 3 vxfk wkdw e! lv frqwlqxrxvo| gl>huhqwldeoh ;S ââ 5 +S â ý %> S â . %, > ;S â dqge!â +3, @ 3=

Dvvxpswlrqv F50F7 vshfli| wkdw wkh suredelolw| ri ghwhfwlrq ghshqgv rqo| rq wkh
fkdqjh lq sulfh/ lv qrq0ghfuhdvlqj iru sulfh lqfuhdvhv/ dqg lv plqlpl}hg e| nhhslqj
sulfh frqvwdqw1 Qrwh wkdw wkh fdvh ri d frqvwdqw suredelolw| ri ghwhfwlrq/ vr wkdw lw lv
xqlq xhqfhg e| sulfh g|qdplfv/ lv d vshfldo fdvh1 F8 uhtxluhv gl>huhqwldelolw| durxqg
d sulfh fkdqjh ri }hur dqg lv d qhfhvvdu| whfkqlfdo frqglwlrq156 Lw zloo dovr hdvh wkh
dqdo|wlfv e| kdylqj e!â +3, @ 3= Wkh lpsruwdqfh ri wkdw dvvxpswlrq zloo eh glvfxvvhg
odwhu1 Qrwh wkdw li j lv d frqvwdqw wkhq wkh suredelolw| ri ghwhfwlrq ghshqgv rqo| rq
wkh vl}h ri sulfh pryhphqwv1 Li lqvwhdg j

ý
S |3�

ü
@ 4@S |3� wkhq lw ghshqgv rq wkh

shufhqwdjh fkdqjh lq sulfh1
Wzr dgglwlrqdo dvvxpswlrqv lqyroylqj wkh sur?w ixqfwlrq duh uhtxluhg1

F9 ä +S ,ý ïe! +3, kíò_Eå ä�3q
ì
. I

l
A eä ;S 5 í eS>S6l =

56 L zdqw wr dfnqrzohgjh Dol Nkdq iru wkh surshu vwdwhphqw ri F81 E| ghyhorslqj dq hohjdqw
h{dpsoh/ kh suryhg wr ph wkdw d ixqfwlrq fdq eh gl>huhqwldeoh dw d srlqw exw qrw eh gl>huhqwldeoh
lq dq 00edoo durxqg wkdw srlqw1
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F: <S W 5
í eS>S6l vxfk wkdw

äâ +S ,ý
k
ïe! +3, @í4ý ïñ í4ý e! +3,ììl ðgâ +S , ( 3 dv S ì S W=

F9 hqvxuhv wkdw rqfh d fduwho lv iruphg/ lw zloo qrw eh glvpdqwohg1 Iru d vwhdg|0
vwdwh sulfh ri S> wkh vwhdg|0vwdwh ohyho ri gdpdjhv lv ðg +S , @ +4ý ñ, vr wkdw F9
olwhudoo| vd|v wkdw wkh sur?w lq wkh fxuuhqw shulrg iurp frooxglqj h{fhhgv wkh sur?w
iurp qrw frooxglqj1 Lq Dsshqgl{ E lw lv vkrzq wkdw F9 lv vx!flhqw wr hqvxuh wkdw/
dw d vwhdg| vwdwh sulfh ri S / frooxglqj lv suhihudeoh wr qrw frooxglqj1 F: uhtxluhv
txdvl0frqfdylw| ri dq lqfrph ixqfwlrq zklfk lv gh?qhg wr eh sur?w ohvv vrph pxowlsoh
ri gdpdjhv1 Dq h{dpsoh vdwlvi|lqj wkhvh dvvxpswlrqv lv surylghg lq Vhfwlrq 8151

814 Jhqhudo Surshuwlhv ri wkh Sulfh Sdwk

Wkhruhp 7 vkrzv wkdw li frooxvlrq lv rswlpdo wkhq lw lv lq?qlwho|0olyhg/ lqyroyhv d
qrq0ghfuhdvlqj sulfh sdwk/ dqg wkh orqj0uxq sulfh lv S W +dv gh?qhg lq F:,1 Wkhvh
surshuwlhv iru wkh sulfh sdwk duh ghulyhg xqghu wkh dvvxpswlrq wkdw lw lv rswlpdo wr
irup d fduwho1 Lq Dsshqgl{ E/ vx!flhqw frqglwlrqv duh surylghg iru fduwho irupdwlrq
wr eh rswlpdo157

Wkhruhp 7 Dvvxph D50D9/ F40F:/ dqg S f 5
k eS>S Wì1 Li lw lv rswlpdo wr irup d

fduwho wkhq lw lv rswlpdo wr frooxgh lq doo shulrgv dqg li
õ
S |
ô"
|'�

lv dq rswlpdo sulfh
sdwk wkhq= l, lw lv qrq0ghfuhdvlqj ryhu wlph> dqg ll, S | $ S W dv w$4=

Lq wkdw odujhu sulfh pryhphqwv uhvxow lq d kljkhu suredelolw| ri ghwhfwlrq/ wkh
rswlpdo sulfh sdwk kdv wkh fduwho judgxdoo| lqfuhdvh sulfh wr lwv orqj0uxq wdujhw ydoxh
ri S W zklfk lv gh?qhg dv wkh xqltxh vroxwlrq wr

äâ +S W,ý
k
ïe! +3, @í4ý ïñ í4ý e! +3,ììl ðgâ +S W, @ 3=

Li wkh suredelolw| ri ghwhfwlrq lv lqghshqghqw ri sulfh wkhq rqh fdq vkrz wkdw wkh
fduwho lpphgldwho| lqfuhdvhv sulfh wr S W dqg ohdyhv lw wkhuh1 Wkxv/ g|qdplfv frph
iurp ghwhfwlrq ghshqglqj rq wkh fkdqjh lq sulfh1

Lq h{dplqlqj wkh htxdwlrq gh?qlqj wkh orqj0uxq fduwho sulfh/ qrwh wkdw S W ghshqgv
rq wkh gdpdjh ixqfwlrq dqg pxowlsoh/ wkh udwh dw zklfk hylghqfh ghsuhfldwhv/ dqg
wkh suredelolw| ri ghwhfwlrq ixqfwlrq1 Li wkh sur?w ixqfwlrq lv frqfdyh +äââ ? 3,>
wkh gdpdjh ixqfwlrq lv vwulfwo| lqfuhdvlqj +ðgâ A 3,> dqg wkh plqlpxp suredelolw|
ri ghwhfwlrq lv srvlwlyh/ e! +3, A 3> wkhq S W ? S6 dqg wkxv wkh fduwho sulfh lv ohvv
wkdq wkh vlpsoh prqrsro| sulfh lq doo shulrgv1 Wkxv/ dqwlwuxvw odz frqvwudlqv sulflqj
ehkdylru1 Krzhyhu/ dovr qrwh wkdw li wkh rqo| shqdow| lv ?qhv wkhq ð @ 3 zklfk lpsolhv
äâ +S W, @ 3 dqg wkxv S W @ S6= Dw wkh vwhdg|0vwdwh/ ?qhv gr qrw frqvwudlq wkh fduwho*v
sulfh1 Lw lv wuxh/ krzhyhu/ wkdw kljkhu ?qhv fdq eh h{shfwhg wr uhgxfh wkh vshhg zlwk

57Zlwkrxw F8/ wkh surri vwloo hvwdeolvkhv wkdw wkh sulfh sdwk lv qrq0ghfuhdvlqj ryhu wlph dqg lv
erxqghg iurp deryh e| å Wé F8 vhuyhv wr vkrz wkdw ,ð6|<"å | ' å Wé
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zklfk sulfh lv udlvhg dqg/ li ?qhv duh vx!flhqwo| kljk/ wkh| fdq ghwhu fduwho irupdwlrq
dowrjhwkhu1

Lw dsshduv wkdw wklv uhvxow lv gulyhq e| dvvxpswlrq F8 zklfk vwdwhv wkdw vpdoo
sulfh fkdqjhv kdyh d sursruwlrqdwho| vpdoo h>hfw rq wkh suredelolw| ri ghwhfwlrq1 Lq
wkh orqj uxq/ sulfh vhwwohv grzq vr wkdw wkh sulfh fkdqjh frqyhujhv wr }hur1 Jlyhq
wkdw e!â +3, @ 3/ pdujlqdo fkdqjhv lq sulfh kdyh qr ?uvw0rughu h>hfw rq wkh suredelolw|
ri ghwhfwlrq wkrxjk frqwlqxh wr kdyh d ?uvw0rughu h>hfw rq wkh srwhqwldo shqdow|
wkurxjk wkh gdpdjh ixqfwlrq1 Wkxv/ idfwruv wkdw lq xhqfh wkh uhodwlrqvkls ehwzhhq
sulfh dqg wkh vl}h ri wkh shqdow| 0 wkh glvfrxqw idfwru/ wkh udwh ri ghsuhfldwlrq ri
gdpdjhv/ wkh gdpdjh pxowlsoh/ dqg wkh gdpdjh ixqfwlrq 0 doo lq xhqfh wkh orqj0uxq
sulfh1 Dv d uhvxow/ li wkhuh wkhuh duh rqo| ?qhv dqg qr gdpdjhv wkhq/ dv sulfh fkdqjhv
jr wr }hur/ pdujlqdo fkdqjhv lq sulfh kdyh qr h>hfw rq wkh h{shfwhg shqdow| lq wkh
orqj0uxq vr wkdw wkh fduwho sulfh frqyhujhv wr wkh vlpsoh prqrsro| sulfh1 Vxssrvh
lqvwhdg e!â +3, A 3 vr wkdw F8 lv qrw vdwlv?hg1 Lqvshfwlrq ri wkh surri ri Wkhruhp 7
uhyhdov wkdw wkh sulfh sdwk lv vwloo qrq0ghfuhdvlqj dqg lv erxqghg iurp deryh e| S W=
Khqfh/ sulfh fkdqjhv vwloo jr wr }hur lq wkh orqj0uxq dqg/ wkhuhiruh/ e!â +3, A 3 lpsolhv
pdujlqdo fkdqjhv lq sulfh gr lpsdfw wkh suredelolw| ri ghwhfwlrq1 Vlqfh d kljkhu ?qh
pdnhv wkh h{shfwhg shqdow| pruh vhqvlwlyh wr sulfh fkdqjhv hyhq lq wkh orqj0uxq/ ?qhv
0 dv zhoo dv gdpdjhv 0 lq xhqfh wkh orqj0uxq sulfh1 Dujxlqj e| frqwlqxlw|/ li e!â +3,
lv forvh wr }hur wkhq ?qhv vkrxog kdyh olwwoh h>hfw dqg fhuwdqo| d pxfk vpdoohu h>hfw
wkdq gdpdjhv1 Wkh orqj0uxq sulfh zrxog wkhq odujho| eh lqghshqghqw ri ?qhv li e!â +3,
lv srvlwlyh exw vpdoo1

Wkh srvvleoh lqghshqghqfh ri wkh vwhdg|0vwdwh fduwho sulfh zlwk uhvshfw wr ?qhv lv
lq vwdun frqwudvw wr vwdwlf prghov ri frooxvlyh sulflqj lq wkh suhvhqfh ri dq dqwlwuxvw
dxwkrulw|1 Lq wkrvh prghov/ wkhuh lv dq htxlydohqfh ehwzhhq ?qhv dqg gdpdjhv lq
wkh vhqvh wkdw dq| sulfh uhvxowlqj iru vrph gdpdjh pxowlsoh frxog eh dowhuqdwlyho|
jhqhudwhg wkurxjk dq dssursuldwho| vhohfwhg ?qh1 Lq d g|qdplfdo prgho lq zklfk
ghwhfwlrq ghshqgv rq sulfh fkdqjhv/ d kljkhu gdpdjh pxowlsoh orzhuv wkh vwhdg|0
vwdwh fduwho sulfh +dv vkrzq ehorz, exw ?qhv fdq kdyh qr h>hfw1

815 Frpsdudwlyh Vwdwlfv

Dvvxph wkh pdunhw ghpdqg ixqfwlrq/ G +ü,/ lv wzlfh gl>huhqwldeoh dqg hdfk ?up kdv
frqvwdqw pdujlqdo frvw ri f1 D ?up*v sur?w lv wkhq ä +S , @ +S ý f, +G +S , @q, =
Dvvxph Gââ +S , é 3 vr wkdw D9 krogv1 Qh{w vxssrvh wkdw wkh gdpdjh ixqfwlrq lv

g +S , @
í
S ý eSì +G +S , @q, zkhuh eS A f= Wr hqvxuh wkdw F: lv vdwlv?hg/ gh?qh

ý +S , ì ä +S ,ý ég +S ,
@ +4@q,

k
+S ý f,G +S ,ý é

í
S ý eSìG +S ,l

zkhuh é ì ïe! +3, ð
4ý ïñ

í
4ý e! +3,ì =
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Qrwh wkdw li ýââ +S , ? 3 wkhq S W lv gh?qhg e| ýâ +S W, @ 3= Wdnlqj wkh ?uvw wzr
ghulydwlyhv ri ý=

ýâ +S , @ +4@q,
q
+4ý é, û+S ý f,Gâ +S , .G +S ,ú. éí eS ý fìGâ +S ,r >

ýââ +S , @ +4@q,
q
+4ý é, û5Gâ +S , . +S ý f,Gââ +S ,ú. éí eS ý fìGââ +S ,r =

ýââ +S , ? 3 li é ? 4 dqg ghpdqg lv frqfdyh1 Iru S W wr h{fhhg eS / rqh qhhgv=
ýâ
í eSì @ +4@q,q+ eS ý f,Gâ í eSì. +4ý é,G í eSìr A 3=

Vlqfh + eS ýf,Gâ í eSì.G í eSì A 3> dv eS lv dvvrfldwhg zlwk wkh qrq0frooxvlyh rxwfrph/

wkhq ýâ
í eSì A 3 li é lv vx!flhqwo| forvh wr }hur zklfk krogv/ iru h{dpsoh/ li hlwkhu

wkh suredelolw| ri ghwhfwlrq ru wkh gdpdjh pxowlsoh lv vx!flhqwo| vpdoo1 S W lv wkhq
gh?qhg e|=

+4ý é, û+S W ý f,Gâ +S W, .G +S W,ú. éí eS ý fìGâ +S W, @ 3= +5,

Qrwh wkdw wklv frqglwlrq lpsolhv +S Wý f,Gâ +S W, .G +S W, A 3 dqg wkxv S W ? S6 vr
wkdw wkh vwhdg|0vwdwh sulfh lv orzhu wkdq zkdw rffxuv lq wkh devhqfh ri dqwlwuxvw odzv1

Wdnlqj wkh wrwdo ghulydwlyh ri +5, zlwk uhvshfw wr é> rqh ghulyhv=

CS W

Cé
@

^+S W ý f,Gâ +S W, .G +S W,`ý
í eS ý fìGâ +S W,

+4ý é, ^5Gâ +S W, . +S W ý f,Gââ +S W,` . é
í eS ý fìGââ +S W, ? 3=

Lw lv vwudljkwiruzdug wr vkrz wkdw é lv lqfuhdvlqj lq ð> e! +3, > ñ/ dqg ï= Lw lv wkhq
lpphgldwh wkdw wkh vwhdg|0vwdwh fduwho sulfh lv uhgxfhg zkhq= l, wkh gdpdjh pxowlsoh/
ð/ lv lqfuhdvhg> ll, wkh suredelolw| ri ghwhfwlrq ixqfwlrq/ e! +ü, > lv lqfuhdvhg> lll, wkh
udwh dw zklfk gdpdjhv shuvlvw ryhu wlph/ ñ/ lv lqfuhdvhg> dqg ly, wkh glvfrxqw idfwru/
ï> lv lqfuhdvhg1 Wkh ?uvw wkuhh uhvxowv duh txlwh lqwxlwlyh dqg wkh odwwhu uhtxluhv mxvw d
olwwoh h{sodqdwlrq1 Wkh fduwho idfhv dq lqwhuwhpsrudo wudgh0r> lq wkdw d kljkhu sulfh lq
wkh fxuuhqw shulrg udlvhv fxuuhqw sur?w exw orzhuv wkh ixwxuh sd|r> e| lqfuhdvlqj wkh
olnholkrrg ri ghwhfwlrq dqg/ lq wkh hyhqw ri ixwxuh ghwhfwlrq/ lqfuhdvlqj wkh shqdow|1
Dv fduwho phpehuv ehfrph pruh sdwlhqw +d kljkhu ydoxh iru ï,> wkh| wkhq suhihu orzhu
fduwho sulfhv1 Qrwh wkdw wkh vwdqgdug htxloleulxp dqdo|vlv ri frooxvlrq +zkhuh sulfh
lv gulyhq e| lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ wkdw zh suhvhqwo| ljqruh,/ d kljkhu
glvfrxqw idfwru vxssruwv kljkhu frooxvlyh sulfhv1 Dq htxloleulxp dqdo|vlv ri fduwho
sulflqj zlwk dq dqwlwuxvw dxwkrulw| zloo eulqj wr ehdu wkhvh wzr frxqwhudfwlqj irufhv
dqg frxog suryh txlwh lqvljkwixo1

Qh{w qrwh wkdw li S W lv wzlfh gl>huhqwldeoh zlwk uhvshfw wr é wkhq=

C2S W

CðCe! +3, @
ë
C2S W

Cé2

êë
Cé

Cð

ê#
Cé

Ce! +3,
$
.

ë
CS W

Cé

ê#
C2é

CðCe! +3,
$
=
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Vlqfh
C2é

CðCe! +3, @ ï +4ý ïñ,k
4ý ïñ

í
4ý e! +3,ìl2 A 3>

lw iroorzv wkdw/ li C2S W@Cé2 é 3 wkhq C2S W@CðCe! +3, ? 3= Zkhq wkh pdunhw ghpdqg
ixqfwlrq lv olqhdu +zklfk lv frqvlghuhg ehorz,/ S W lv lqghhg d frqfdyh ixqfwlrq ri
é= Wkh lqwhusuhwdwlrq ri wkh furvv sduwldo ghulydwlyh ri wkh vwhdg|0vwdwh fduwho sulfh
zlwk uhvshfw wr ð dqg e! +3, lv wkdw wkh gdpdjh pxowlsoh dqg hqirufhphqw h{shqglwxuh
+dvvxplqj wkdw wkh odwwhu lpsolhv d vkliw xs lq e!, duh frpsohphqwv lq wkhlu h>hfw rq wkh
fduwho sulfh> d kljkhu gdpdjh pxowlsoh pdnhv hqirufhphqw h{shqglwxuh pruh h>hfwlyh
lq uhgxflqj sulfh1 Khqfh/ pruh vhyhuh shqdowlhv vkrxog suredeo| eh frpsohphqwhg
zlwk pruh/ qrw ohvv/ hqirufhphqw dfwlylwlhv1

Dqrwkhu lqwhuhvwlqj frpsdudwlyh vwdwlf h{huflvh lv wr frqvlghu wkh lq xhqfh ri wkh
exw0iru sulfh/ eS> rq wkh vwhdg|0vwdwh fduwho sulfh1 Uhfdoo wkdw wkh exw0iru sulfh lv
wkh sulfh xvhg lq fdofxodwlqj gdpdjhv158 Lw zloo eh xvhixo wr jhqhudol}h wkh gdpdjh
ixqfwlrq wr=

g +S , @
í
S ý eSì kò +G +S , @q, . +4ý ò,íG í eSì @qìl

zkhuh ò 5 ^=8> 4` = X1V1 dqwlwuxvw sudfwlfh lv fdswxuhg e| ò @ 4 zkloh li gdpdjhv
zhuh vshfl?hg wr htxdo wkh orvv lq frqvxphu vxusoxv wkhq ò @ =8/ xvlqj d olqhdu
dssur{lpdwlrq1 Qrwh wkdw dv ò idoov/ wkh fduwho*v sulfh kdv ohvv ri dq lq xhqfh rq wkh
ohyho ri ghpdqg xvhg iru fdofxodwlqj gdpdjhv1 Lw lv vwudljkwiruzdug wr ghulyh=

CS W

C eS @
é
k
+4ý ò,Gâ

í eSìý òGâ +S W,l
+4ý éò, ^5Gâ +S W, . +S W ý f,Gââ +S W,` . éò

í eS ý fìGââ +S W, ? 3=
Dv ehiruh/ wkh ghqrplqdwru lv qhjdwlyh1 Qh{w qrwh wkdw wkh qxphudwru lv lqfuhdvlqj
lq ò vr lw lv plqlpl}hg dw ò @ =8= Lq wkdw fdvh/ wkh qxphudwru lv qrq0qhjdwlyh dv orqj
dv Gâ

í eSì è Gâ +S W, = Vlqfh S W A eS wkhq Gââ é 3 lpsolhv Gâ
í eSì è Gâ +S W, = Lw lv

frqfoxghg wkdw CS W@C eS ? 3=59 Wr xqghuvwdqg wklv uhvxow/ ?uvw qrwh wkdw orzhulqj eS
udlvhv wkh wrwdo dprxqw ri gdpdjhv e| lqfuhdvlqj wkh dprxqw ri gdpdjhv dvvljqhg
shu xqlw ri gdpdjh ghpdqg1 Rqh uhvsrqvh wr d orzhu exw0iru sulfh lv wr orzhu wkh
fduwho sulfh vr dv wr eulqj edfn grzq wkh shu xqlw gdpdjh dprxqw1 Dowhuqdwlyho|/
?upv frxog udlvh wkh fduwho sulfh vr dv wr uhgxfh wkh qxpehu ri xqlwv xsrq zklfk
gdpdjhv duh dvvhvvhg1 Jlyhq ò lv qrw wrr orz 0 vr wkdw wkh qxpehu ri xqlwv xvhg
iru gdpdjh fdofxodwlrq lv vx!flhqwo| vhqvlwlyh wr wkh frooxvlyh sulfh 0 wkh odwwhu h>hfw
grplqdwhv1 Vxusulvlqjo|/ wkh vwhdg|0vwdwh fduwho sulfh lv wkhq ghfuhdvlqj lq wkh exw0
iru sulfh1 Wkxv/ li wkh fduwho dqwlflsdwhv wkdw d pruh frpshwlwlyh vwdqgdug zloo eh

58Qrwh wkdw eå uhsuhvhqwv wzr gl>huhqw sulfhv= wkh qrq0frooxvlyh sulfh dqg wkh exw0iru sulfh1 Zkloh/
lq sudfwlfh/ wkh| duh lqwhqghg wr eh wkh vdph/ lq sulqflsoh wkh| frxog eh gl>huhqw1 Wkh srlqw wr
pdnh/ krzhyhu/ lv wkdw lw lv eå dv wkh exw0iru sulfh zklfk lq xhqfhv wkh vwhdg|0vwdwh fduwho sulfh1

59H{fhsw li k ' éD dqg (ââ ' fc lq zklfk fdvh Yå W*Y eå ' fé Ixuwkhupruh/ Yå W*Y eå : f li rqh
doorzv k wr eh forvh wr }hur exw lw lv xqfohdu zk| wkdw lv d uhohydqw fdvh1
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dssolhg lq fdofxodwlqj gdpdjhv/ wklv zloo uhvxow lq d kljkhu fduwho sulfh lq wkh orqj0
uxq15:Wzr fruroodulhv duh zruwk phqwlrqlqj1 Iluvw/ li ò @ 4 dqg wkh exw0iru sulfh lv
wkh frpshwlwlyh sulfh/ eS @ f> wkhq wkh vwhdg|0vwdwh fduwho sulfh lv wkh vdph dv wkh
sulfh lq wkh devhqfh ri dqwlwuxvw odzv/ S W @ S6= Mxvw dv pxfk dv ?qhv fdq kdyh qr
h>hfw rq wkh vwhdg|0vwdwh fduwho sulfh/ gdpdjhv fdq kdyh qr h>hfw hlwkhu1 Vhfrqg/ li
wkh exw0iru sulfh lv dvvxphg wr eh ghfuhdvlqj lq q +zklfk lv wuxh iru prvw roljrsro|
prghov li wkh exw0iru sulfh lv wkh qrq0frooxvlyh sulfh, wkhq wkh vwhdg|0vwdwh fduwho sulfh
lv lqfuhdvlqj lq wkh qxpehu ri ?upv1

Li lw lv ixuwkhu dvvxphg wkdw ghpdqg lv olqhdu/ G +S , @ d ý eS> d forvhg irup
vroxwlrq iru wkh vwhdg|0vwdwh fduwho sulfh fdq eh ghulyhg1 Vroylqj ýâ +S W, @ 3 =

S W @ S6 ý ^é@5 +4ý é,`
í eS ý fì =

Dv wkh prqrsro| sulfh lv S6 @ +d. ef, @5e dqg li lw lv dvvxphg wkh qrq0frooxvlyh
rxwfrph lv d Qdvk htxloleulxp iru wkh txdqwlw| jdph/ eS @ +d. qef, @e +q. 4, > lw
iroorzv wkdw=

S W @
d. ef

5e
ý
3C ïe! +3, ð
4ý ïñ

í
4ý e! +3,ìý ïe! +3, ð

4Dë dý ef
5e +q. 4,

ê
=

Dv dq dgglwlrqdo uhpdun/ lw lv zruwk qrwlqj wkdw wkh frpsdudwlyh vwdwlfv iru wkh
vwhdg|0vwdwh sulfh iru wklv g|qdplf prgho duh dfwxdoo| pruh vwudljkwiruzdug wkdq
wkrvh iru wkh vwdwlf prgho1 Zlwk wkh odwwhu/ wkh ?uvw0rughu frqglwlrq lqfoxghv wkh
suredelolw| ri ghwhfwlrq hydoxdwhg dw wkh rswlpdo fduwho sulfh1 Lq wkdw fkdqjhv lq
sdudphwhuv fdxvh wkh rswlpdo sulfh wr fkdqjh/ wkh suredelolw| ri ghwhfwlrq fkdqjhv
zlwk lw1 Wklv fdq pdnh vljqlqj vrph frpsdudwlyh vwdwlfv gl!fxow15; Lq frqwudvw/
wkh vwhdg|0vwdwh sulfh iru wkh g|qdplf prgho lv ghshqghqw rqo| rq e! +3, iurp wkh
suredelolw| ri ghwhfwlrq ixqfwlrq zklfk lv d frqvwdqw1

816 Frpsdudwlyh G|qdplfv

Iroorzlqj xs rq wkh prgho ri wkh suhylrxv vxe0vhfwlrq/ qxphulfdo dqdo|vlv lv frqgxfwhg
wr h{soruh frpsdudwlyh g|qdplfv1 Wkh iroorzlqj dvvxpswlrqv duh pdgh wkurxjkrxw
wklv vhfwlrq1 G +S , @ 4333 ý S +wkdw lv/ d @ 4333 dqg e @ 4,> dqg f @ 3 zklfk
lpsolhv d vlpsoh prqrsro| sulfh lv wkhq 8331 Wkh X1V1 dqwlwuxvw gdpdjh ixqfwlrq
lv vshfl?hg/ g +S , @

í
S ý eSì +G +S , @q, > dqg wkh qrq0frooxvlyh dqg exw0iru sulfh

lv wkh Frxuqrw vroxwlrq= eS +d. qef, @e +q. 4,1 Dvvxph wkh fduwho vwduwv zlwk wkh
qrq0frooxvlyh sulfh= S f @ eS=

Iru wkh lqlwldo vhw ri vlpxodwlrqv/ wkh suredelolw| ri ghwhfwlrq ixqfwlrq lv= e! ýS | ý S |3�ü @
!f . !�

ý
S | ý S |3�ü2 =5< Wkh ehqfkpdun fdvh dvvxphv ñ @ =9> ð @ 4> ï @ =<9>

5:Krzhyhu/ lw lv lpsruwdqw wr qrwh wkdw d orzhu exw0iru sulfh pd| glvvxdgh fduwho irupdwlrq
dowrjhwkhu1

5;Iru h{dpsoh/ lw lv gl!fxow lq wkh prgho ri Eorfn hw do +4<;4, wr vljq wkh furvv sduwldo ghulydwlyh
ri wkh rswlpdo sulfh zlwk uhvshfw wr wkh gdpdjh pxowlsoh dqg wkh ohyho ri hqirufhphqw +zklfk lv
dvvxphg wr lqfuhdvh wkh suredelolw| ri ghwhfwlrq, zlwkrxw pdnlqj dgglwlrqdo vwurqj dvvxpswlrqv1

5<Iru doo sdudphwhu ydoxhv frqvlghuhg/ èf n è�
ý
å | 3 å |3�ü2 ÷ � dorqj wkh rswlpdo sulfh sdwk1
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I @ 3> q @ 5> !f @ =38> dqg !� @ =33358<5= Wkhvh ghwhfwlrq sdudphwhuv uhvxow

lq e!íí eS . =58íS6 ý eSììý eSì @ =8 vr wkdw udlvlqj wkh sulfh 58( ri wkh zd| iurp

wkh qrq0frooxvlyh wr wkh vlpsoh prqrsro| sulfh lq rqh shulrg uhvxowv lq d 83( fkdqfh ri
ghwhfwlrq1 Dovr qrwh wkdw e! +3, @ =38 vr wkdw wkh vwhdg|0vwdwh suredelolw| ri ghwhfwlrq
lv 8(1 Wkh qrq0frooxvlyh sulfh lv 6661

Uhvxowv iru wkh ehqfkpdun fdvh duh vkrzq lq Iljxuh 61 Wkh ydoxh ixqfwlrq lv
frqfdyh lq S |3� dqg lw lv nqrzq e| Wkhruhp 5 wkdw lw lv frqyh{ lq G|3� +wkrxjk lw
lv qrw hdv| wr vhh wkdw zlwk wklv ?jxuh,1 Wkh rswlpdo srolf| ixqfwlrq lv lqfuhdvlqj
lq wkh odjjhg sulfh h{fhsw zkhq odjjhg sulfh lv vx!flhqwo| kljk1 Lq Iljxuh 6E/ sulfh
vwhdglo| lqfuhdvhv wrzdug wkh vwhdg|0vwdwh sulfh dqg wdnhv pruh wkdq 63 shulrgv wr
uhdfk lw1 Wkh orqj wudqvlwlrq sdwk uh hfwv wkh vhqvlwlylw| ri ghwhfwlrq wr sulfh fkdqjhv
iru wkh ehqfkpdun fdvh1 Dv sulfh dqg wkhuhe| wkh frqwhpsrudqhrxv ohyho ri gdpdjhv
duh lqfuhdvlqj/ dffxpxodwhg gdpdjhv duh lqfuhdvlqj ryhu wlph1

Iljxuh 7 frpsduhv wklv ehqfkpdun fdvh zlwk d ghwhfwlrq ixqfwlrq zklfk lv ohvv
vhqvlwlyh wr sulfh fkdqjhv1 Wkh dowhuqdwlyh lv !f @ =38 dqg !� @ =333397; vr wkdwe!íí eS . =8íS6 ý eSììý eSì @ =81 Doo rwkhu sdudphwhu ydoxhv duh dv vshfl?hg lq wkh
ehqfkpdun fdvh1 Lq uhvsrqvh wr zhdnhu ghwhfwlrq/ wkh sulfh sdwk vkliwv xs dqg wkh
vwhdg|0vwdwh sulfh lv uhdfkhg lq d vkruwhu ohqjwk ri wlph163 Iljxuh 8 vkrzv wkh h>hfw
ri udlvlqj wkh gdpdjh pxowlsoh iurp 4 wr 5/ iru wkh ehqfkpdun fdvh1 Wkh wkuhdw ri
pruh vhyhuh shqdowlhv vljql?fdqwo| vkliwv grzq wkh sulfh sdwk1 Sulfhv dsshdu txlwh
vhqvlwlyh wr wkh gdpdjh pxowlsoh1

Rqh ri wkh pruh lqwhuhvwlqj dssolfdwlrqv ri wklv prgho lv wr frpsduh wkh xvh ri
?qhv dqg gdpdjhv1 Iru wklv sxusrvh/ L frqvlghu wzr h{wuhph fdvhv= sxuh gdpdjhv
+ð A 3> I @ 3, dqg sxuh ?qhv +ð @ 3> I A 3,1 Iru wkh fdvh ri sxuh gdpdjhv/ L*oo
h{solflwo| ghqrwh wkh ghshqghqfh ri S W rq ð> S W +ð, = Qh{w qrwh wkdw wkh vwhdg|0vwdwh
ohyho ri gdpdjhv lv ðg +S W +ð,, @ +4ý ñ, ì I W +ð, dqg wkdw/ rq wkh rswlpdo sdwk/
gdpdjhv duh erxqghg iurp deryh e| I W +ð, = Lq Iljxuh 9/ wkh ehqfkpdun fdvh lv
prgl?hg vr wkdw ghwhfwlrq lv ohvv olnho|= !f @ =38 dqg !� @ =33333;4 zklfk lpsolhve!íS6 ý eSì @ =58= Iljxuh 9D frqvlghuv d srolf| ri wuheoh gdpdjhv dqg qr ?qhv/

+ð> I , @ +6> 3, > dqg dovr d srolf| ri rqo| ?qhv/ +ð> I , @ +3> I W +6,, = Qrwh wkdw wkh
shqdow| lv kljkhu/ lq doo shulrgv/ lq wkh fdvh ri sxuh ?qhv zlwk wkh gl>huhqfh frqyhujlqj
wr }hur dv w$4=Zlwk wkh h{fhswlrq ri wkh ?uvw shulrg/ wkh sulfh sdwk zlwk gdpdjhv
olhv ehorz wkdw zlwk ?qhv164 Iljxuh 9e gholyhuv wkh vdph uhvxow lq frpsdulqj +ð> I , @
+5> 3, dqg +ð> I , @ +3> I W +5,, = Lq wkdw fdvh/ sulfh lv orzhu lq doo shulrgv zkhq wkhuh duh
gdpdjhv165 Pdnlqj wkh shqdow| vhqvlwlyh wr wkh fduwho*v sulfh ohdgv wr d vxevwdqwlyh
uhgxfwlrq lq sulfh lq vslwh ri wkh shqdow| ehlqj ohvv lq hyhu| shulrg1

63Wkrxjk lw dsshduv wkdw wkh orqj0uxq sulfhv duh gl>huhqw/ lw kdv ehhq suryhq wkdw wkh| vkrxog
eh wkh vdph vlqfh/ lq erwk fdvhv/ eè Efä ' èf ' éfDé Ixuwkhu qxphulfdo dqdo|vlv vkrzhg wkdw wklv
glvfuhsdqf| zdv uhgxfhg zkhq wkh sulfh julg zdv ?qhu1 Lw lv p| eholhi wkdw wklv gl>huhqfh lv dq
duwlidfw ri wkh qxphulfdo phwkrgv dqg wkh glvfuhwhqhvv ri wkh sulfh vsdfh1

64Iru wkh ?uvw shulrg/ sulfh lv 6;:177 zlwk gdpdjhv dqg 6;8185 zlwk ?qhv1 Lq shulrg 5/ lw lv 74:153
zlwk gdpdjhv dqg 7531;; zlwk ?qhv1

65Iru wkh ?uvw shulrg/ sulfh lv 6<516< zlwk gdpdjhv dqg 73319: zlwk ?qhv1 Lq shulrg 5/ lw lv 759168
zlwk gdpdjhv dqg 77413; zlwk ?qhv1
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Iru zkhq q @ 7 dqg ñ @ =:8> Wdeoh 4 uhsruwv dyhudjh sulfh iru d zlghu duud| ri
dqwlwuxvw srolflhv= +ð> I , 5 i3> =8> = = = > 6jûõ3> I@9> = = = > Iô zkhuh I @ 6:;> 973 +zklfk
lv I W +6,,= eS qrz htxdov 5331 Dyhudjh sulfh lv uhsruwhg iru wkh ?uvw 43/ 53/ dqg 83
shulrgv1 Frqvlghu dyhudjh sulfh ryhu wkh ?uvw 53 shulrgv dqg wdnh +ð> I , @

ý
=8> I@9

ü
dv d vwduwlqj srlqw1 Dyhudjh sulfh lv 7931 Grxeolqj wkh gdpdjh pxowlsoh uhgxfhv sulfh
wr 783 zkloh grxeolqj wkh ?qh uhgxfhv lw rqo| wr 78;1 Wulsolqj wkh gdpdjh pxowlsoh
fdxvhv sulfh wr gurs wr 76; exw d wulsolqj ri wkh ?qh fdxvhv d yhu| prghvw gurs wr
7891 Jhqhudoo|/ wkh sulfh sdwk lv pxfk pruh vhqvlwlyh wr wkh gdpdjh pxowlsoh wkdq
wr wkh ohyho ri ?qhv/ zlwk rqh fdyhdw1 Ilqhv fdq eh txlwh h>hfwlyh lq ghwhuulqj fduwho
irupdwlrq1 Li wkh gdpdjh pxowlsoh lv lqfudvhg vl{0irog iurp 18 wr 6/ wkh fduwho vwloo
irupv dqg wkh dyhudjh sulfh gursv iurp 793 wr 65;1 Zkhq ?qhv duh lqfuhdvhg vl{0irog/
wkh fduwho grhvq*w irup vr sulfh lv dw wkh vwdwlf Qdvk htxloleulxp ohyho ri 5331

Dv glvfxvvhg lq Vhfwlrq 814/ lw lv frqmhfwxuhg wkdw wkh lqghshqghqfh ri wkh vwhdg|0
vwdwh fduwho sulfh wr ?qhv lv dv d uhvxow ri wkh dvvxpswlrq wkdw e!â +3, @ 3= Wr h{soruh
wklv lvvxh/ wkh suredelolw| ri ghwhfwlrq ixqfwlrq lv qrz vshfl?hg wr eh e! ýS | ý S |3�ü @
!f.!�

ññS | ý S |3�ññ = Vlqfh e!â +3, @ !� wkhq e!â +3, A 3 zkhq !� A 3=Qxphulfdo dqdo|vlv
frq?upv wkh frqmhfwxuh lq wkdw wkh orqj0uxq fduwho sulfh lv irxqg wr eh ghfuhdvlqj lq
wkh ohyho ri ?qhv1 Iru ydulrxv dqwlwuxvw srolflhv/ Wdeoh 5 uhsruwv wkh dyhudjh sulfh ryhu
wkh ?uvw 43 shulrgv/ 53 shulrgv/ dqg 83 shulrgv/ dqg wkh sulfh lq shulrg 533 +zklfk
phdvxuhv wkh orqj0uxq fduwho sulfh,1 Zkhq +ð> I , @ +3> I W +ð,,/ wkh orqj0uxq sulfh lv
ehorz wkh vlpsoh prqrsro| sulfh ri 8331

9 Frqfoxglqj Uhpdunv

Zkhq d fduwho lv frqfhuqhg zlwk ghwhfwlrq/ lwv rswlpdo sulfh sdwk lv vhqvlwlyh wr krz
wkdw sulfh sdwk lq xhqfhv wkh olnholkrrg ri ghwhfwlrq1 Li ghwhfwlrq lv gulyhq e| wkh
sulfh ohyho wkhq wkhuh lv d whqghqf| iru wkh fduwho wr lqlwldoo| udlvh sulfh dqg wkhq
orzhu sulfh ryhu wlph1 Wklv uhvxow lv dujxhg wr eh frxqwhuidfwxdo dqg lqfrqvlvwhqw
zlwk krz fduwhov duh eholhyhg wr ehkdyh1 Li lqvwhdg ghwhfwlrq lv gulyhq e| fkdqjhv lq
sulfh wkhq wkh sulfh sdwk lv lqfuhdvlqj ryhu wlph1 Iru wklv fdvh/ lw zdv vkrzq wkdw
wkh vwhdg|0vwdwh fduwho sulfh lv uhvsrqvlyh wr dqwlwuxvw srolf| lq wkdw lw lv ghfuhdvlqj
lq wkh suredelolw| ri ghwhfwlrq dqg wkh gdpdjh pxowlsoh1 Zkloh wkhvh uhvxowv zhuh
dqwlflsdwhg/ wkhuh zhuh dovr vrph vxusulvlqj ?qglqjv1 Lw zdv irxqg wkdw ?qhv fdq kdyh
qr h>hfw rq wkh vwhdg|0vwdwh fduwho sulfh dqg/ lq idfw/ li rqo| ?qhv duh xvhg wkhq wkh
fduwho*v sulfh fdq vhwwoh grzq wr wkh vlpsoh prqrsro| sulfh> wkh sulfh wkdw hphujhv
lq wkh devhqfh ri dqwlwuxvw odzv1 Vhfrqgo|/ li d pruh vwulqjhqw qrq0frooxvlyh vwdqgdug
lv xvhg lq fdofxodwlqj gdpdjhv/ wklv fdxvhv wkh fduwho wr sulfh kljkhu lq wkh orqj0uxq1

Wkh prgho xvhg wr h{soruh fduwho sulflqj lv uhvwulfwlyh lq d qxpehu ri zd|v1 Iluvw/
lw zdv dvvxphg wkdw dq| sulfh sdwk frxog eh lpsohphqwdeoh e| wkh fduwho vr wkdw wkh
sureohp ri hqvxulqj frpsoldqfh e| fduwho phpehuv zdv dvvxphg dzd|1 Vhfrqg/ d
vlpsoh uhgxfhg irup vshfl?fdwlrq zdv xvhg wr prgho wkh uhodwlrqvkls ehwzhhq fduwho
ehkdylru dqg ghwhfwlrq1 D ulfkhu dssurdfk zrxog doorz wkh ex|huv dqg wkh dqwlwuxvw
dxwkrulw| wr eh pruh vwudwhjlf lq wkhlu h>ruwv wr ghwhfw frooxvlrq1 Ixwxuh uhvhdufk
zloo h{soruh hqulfklqj wkh prgho lq wkhvh ydulrxv zd|v1
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: Dsshqgl{ D

Surri ri Wkhruhp 4 Wkh surri lv dq dgdswdwlrq ri dujxphqwv lq Vwrnh| dqg Oxfdv
+4<;<,1 Ehjlq e| vxssrvlqj wkdw wkh fduwho kdv ehhq iruphg dqg ohw y = óû?n $ ?
eh d frqwlqxrxv erxqghg ixqfwlrq1 Ohw W eh d ixqfwlrq zlwk grpdlq E zklfk lv
wkh vsdfh ri frqwlqxrxv erxqghg ixqfwlrqv wkdw pds óû?n lqwr ?= W lv gh?qhg dv
iroorzv=

W +y +ü,, @ pd{
åMl

ä +S , . ï!
ý
S> S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú +6,

.ï
û
4ý ! ýS> S |3�üúpd{iy ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj=
E| D40D8 dqg wkh suhvxpswlrq wkdw y lv d frqwlqxrxv ixqfwlrq/ wkh deryh sureohp
lqyroyhv pd{lpl}lqj d frqwlqxrxv ixqfwlrq ryhu d frpsdfw vhw1 Khqfh/ W +y +ü,, h{lvwv
e| wkh Wkhruhp ri wkh Pd{lpxp +Wkhruhp 619/ Vwrnh| dqg Oxfdv/ 4<;<,1 Dv ä> !> g> â
dqg y duh erxqghg ixqfwlrqv/ W lv wkhq d erxqghg ixqfwlrq1 Vlqfh ä> !> g> â dqg y
duh frqwlqxrxv ixqfwlrqv dqg ó lv frpsdfw/ W lv d frqwlqxrxv ixqfwlrq +Wkhruhp 619/
Vwrnh| dqg Oxfdv/ 4<;<,1 Khqfh/ wkh udqjh ri W lv E vr wkdw W = E $ E=

Wr vkrz wkdw W lv d frqwudfwlrq/ Eodfnzhoo*v wkhruhp lv xvhg +Wkhruhp 616/ Vwrnh|
dqg Oxfdv/ 4<;<,1 Wklv uhtxluhv vkrzlqj wkdw W vdwlv?hv prqrwrqlflw| dqg glvfrxqw0
lqj1 Prqrwrqlflw| lv vdwlv?hg zkhq= li yJ> yJJ 5 E dqg

yJ
ý
S |3�>G|3�

ü é yJJ ýS |3�>G|3�ü; ýS |3�>G|3�ü 5 óû?n
wkhq

W
ý
yJ
ý
S |3�> G|3�

üü é W ýyJJ ýS |3�>G|3�üü; ýS |3�>G|3�ü 5 óû?n=
Wklv lv wulyldoo| wuxh1 Glvfrxqwlqj lv vdwlv?hg zkhq <ë 5 +3> 4, vxfk wkdw

W
ý
y
ý
S |3�> G|3�

ü
. d

ü é W
ý
y
ý
S |3�> G|3�

üü
. ëd

;y 5 E> d è 3> ýS |3�> G|3�ü 5 óû?n=
Iluvw qrwh wkdw

W
ý
y
ý
S |3�>G|3�

ü
. d

ü
@ pd{

å
ä +S , . ï!

ý
S> S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú

.ï
û
4ý ! ýS> S |3�üúpd{iyJ ýS> ñG|3� . ðg +S ,ü. d>

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj
é pd{

å
ä +S , . ï!

ý
S> S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú

.ï
û
4ý ! ýS> S |3�üúpd{iyJ ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj. ï û4ý ! ýS>S |3�üúd
é pd{

å
ä +S , . ï!

ý
S> S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú
4<



.ï
û
4ý ! ýS> S |3�üúpd{iyJ ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj. ïd
@ W

ý
y
ý
S |3�>G|3�

üü
. ïd=

Dv ï 5 +3> 4,/ W lv wkhq d frqwudfwlrq1 E| wkh Frqwudfwlrq Pdsslqj Wkhruhp +Wkhr0
uhp 615/ Vwrnh| dqg Oxfdv/ 4<;<,/ W kdv d xqltxh ?{hg srlqw zklfk lv d frqwlqxrxv
erxqghg ixqfwlrq1 Wklv ?{hg srlqw lv wkh ydoxh ixqfwlrq/ Y= Vlqfh wkhq

ä +S , . ï!
ý
S>S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú +7,

.ï
û
4ý ! ýS>S |3�üúpd{iY ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj
lv d frqwlqxrxv dqg erxqghg ixqfwlrq dqg ó lv frpsdfw/ dq rswlpdo sulfh sdwk h{lvwv1

Doo ri wklv dqdo|vlv lv iru zkhq wkh fduwho kdv ehhq iruphg1 Li Y
ý
S f> Gf

ü èeä@ +4ý ï, wkhq lw lv lqghhg rswlpdo wr irup wkh fduwho dqg wkh sulfh sdwk lv wkdw
zklfk pd{lpl}hv +7,1 Li Y

ý
S f>Gf

ü
? eä@ +4ý ï, wkhq lw lv qrw rswlpdo wr irup wkh

fduwho dqg wkh rswlpdo sulfh sdwk lv eS lq doo shulrgv1 ï
Surri ri Wkhruhp 5 Frqvlghu shulrg wâ dqg vwdwh yduldeohv

í
S |

â3�>G|â3�
ì
=

Vxssrvh wkh rswlpdo sdwk lqyroyhv frooxglqj xs wr shulrg W
í
S |

â3�>G|â3�
ì
è wâ/

zkhuh W
í
S |

â3�> G|â3�
ì
frxog eh ?qlwh ru lq?qlwh/ dqg wkh fruuhvsrqglqj frooxvlyh

sulfh sdwk lv
q
S
|
í
S |

â3�>G|â3�
ìrAíå |â3�c(|â3�

ì
|'|â

1 Wkh ghshqghqfh rq
í
S |

â3�>G|â3�
ì

zloo riwhq eh vxssuhvvhg1 Lw zloo eh xvhixo wr uhsuhvhqw d fduwho phpehu*v sd|r> lq
vxfk d zd| wkdw hdfk shulrg*v lqfrph lv wkh sur?w hduqhg ohvv wkh suhvhqw ydoxh ri
h{shfwhg shqdowlhv dvvrfldwhg zlwk frooxglqj lq wkdw shulrg1 Iurp +5:, lq Dsshqgl{
E/ wkh rswlpdo sd|r> vwduwlqj iurp shulrg wâ iru wkh rswlpdo sdwk fdq eh uhsuhvhqwhg
dv=

Y
í
S |

â3�>G|
â3�
ì
@

A[
ô'|â

ïô3|
â
øô3�æ'|â

k
4ý !

í
S
æ
> S

æ3�ìl û
ä
ý
S
ôüý ðg ýS ôüüôú +8,

.^+eä@ +4ý ï,,ý I ` ï A[
ô'|â

ïô3|
â
!
í
S
æ
> S

æ3�ì
øô3�æ'|

k
4ý !

í
S
æ
> S

æ3�ìl
ýñG|â3�ü|â . ïAn�3|â

A\
æ'|â

k
4ý !

í
S
æ
> S

æ3�ìlû
û
+eä@ +4ý ï,,ý âf ýSA üý â� ýSA üGA ú

zkhuh

ü| @ ï
A[
ô'|

+ïñ,ô3| !
í
S
ô
> S

ô3�ì ô3�\
æ'|

k
4ý !

í
S
æ
> S

æ3�ìl
>

53



â
ý
S |3�>G|3�

ü
@ âf

ý
S |3�

ü
. â�

ý
S |3�

ü
G|3�> dqg wkh frqyhqwlrq lv dgrswhg wkdwT|3�

æ'|

k
4ý !

í
S
æ
> S

æ3�ìl
@ 4= Frooxvlrq lq shulrg w |lhogv sur?w ri ä

í
S
|
ì
exw lq0

fxuv srwhqwldo gdpdjhv ri ðg
í
S
|
ì
= ü|ðg

í
S
|
ì
lv wkh h{shfwhg suhvhqw ydoxh ri

wkrvh gdpdjhv1 Lq irupxodwlqj ü|> !
í
S
|
> S

|3�ì
lv wkh suredelolw| ri ghwhfwlrq lq

w/ !
í
S
|n�
> S

|
ìk
4ý !

í
S
|
> S

|3�ìl
lv wkh suredelolw| ri ghwhfwlrq lq w . 4/ dqg vr

iruwk1 Li shulrg w gdpdjhv duh qrw sdlg xqwlo shulrg á> wkh| duh glvfrxqwhg e| +ïñ,ô3|

ehfdxvh ri wlph glvfrxqwlqj dqg wkh ghsuhfldwlrq ri gdpdjhv1 Rqh fdq wkhq shufhlyh
ri ä

í
S
|
ì
ý ü|ðg

í
S
|
ì
dv wkh lqfrph dwwulexwhg wr frooxglqj lq shulrg w= Ilqdoo|/

wkh suredelolw| wkdw wkh fduwho lv vwloo dfwlyh lq shulrg w> jlyhq lw lv dfwlyh lq wâ> lvT|3�
æ'|â

k
4ý !

í
S
æ
> S

æ3�ìl
=

Wkh ghshqghqfh ri ü| rq wkh vwdwh yduldeohv dv ri wâ ý 4 zloo eh pdgh h{solflw=
ü|
í
S |

â3�>G|â3�
ì
=Wkh wdvn lv wr vkrz= liGâ A Gââ wkhq Y

í
S |

â3�> Gâ
ì
? Y

í
S |

â3�>Gââ
ì
=

Li wkh fduwho xvhv wkh sulfh sdwk
q
S
|
í
S |

â3�> Gââ
ìrAíå |â3�c(ââì

|'|â
zkhq G|

â3� @ Gâ> wkh
dvvrfldwhg sd|r> lv

Y
í
S |

â3�> Gââ
ì
ý
k
ü|

â í
S |

â3�>Gââ
ì
. ý|

â í
S |

â3�> Gââ
ìl
ñ
ý
Gâ ýGââü +9,

zkhuh

ý|
ý
S |3�>G|3�

ü ì â�
í
SA+å

|3�c(|3�,
ì
+ïñ,A+å

|3�c(|3�,n�3| û
A+å |3�c(|3�,\

æ'|

k
4ý !

í
S
æ ý
S |3�>G|3�

ü
> S

æ3� ý
S |3�>G|3�

üìl
=

Wkh vhfrqg whup lq +9, uh hfwv wkh lqfuhdvh lq wkh suhvhqw ydoxh ri h{shfwhg gdpdjhv
iurp lqfuhdvlqj dffxpxodwhg gdpdjhv iurp Gââ wr Gâ kroglqj wkh sulfh sdwk ?{hg1
Glvfrxqwhg wr shulrg wâ> ü|â

í
S |

â3�>Gââ
ì
ñG|

â3� lv wkh h{shfwhg suhvhqw ydoxh ri wkh

shqdow| dvvrfldwhg zlwk G|
â3� zkhq fdxjkw ryhu wâ> = = = > W

í
S |

â3�>Gââ
ì
+wkdw lv/ zlwk

wkh fduwho lq sodfh, dqg âf
í
SA+å

|3�c(|3�,
ì
. ý|

â
í
S |

â3�>Gââ
ì
ñG|

â3� zkhq fdxjkw

diwhu W
í
S |

â3�> Gââ
ì
+wkdw lv/ diwhu wkh fduwho kdv ehhq glvpdqwohg,1 Vlqfh wkh rswlpdo

sulfh sdwk pd| gl>hu iurp wkdw sulfh sdwk/ wklv lv d orzhu erxqg rq wkh ydoxh ixqfwlrq
hydoxdwhg dw

í
S |

â3�>Gâ
ì
=

Y
í
S |

â3�>Gâ
ì
è Y

í
S |

â3�>Gââ
ì
ý
k
ü|

â í
S |

â3�>Gââ
ì
. ý|

â í
S |

â3�> Gââ
ìl
ñ
ý
Gâ ýGââü =

+:,

E| dq dqdorjrxv orjlf/ li wkh fduwho xvhv wkh sulfh sdwk
q
S
|
í
S |

â3�>Gâ
ìrAíå |â3�c(â

ì
|'|â

zkhq G|
â3� @ Gââ> wkh sd|r> lv

Y
í
S |

â3�>Gâ
ì
.
k
ü|

â í
S |

â3�>Gâ
ì
. ý|

â í
S |

â3�> Gâ
ìl
ñ
ý
Gâ ýGââü =

54



Khqfh/

Y
í
S |

â3�>Gââ
ì
è Y

í
S |

â3�>Gâ
ì
.
k
ü|

â í
S |

â3�>Gâ
ì
. ý|

â í
S |

â3�> Gâ
ìl
ñ
ý
Gâ ýGââü =

+;,
Frpelqlqj +:,0+;,/k

ü|
â í
S |

â3�>Gââ
ì
. ý|

â í
S |

â3�> Gââ
ìl
ñ
ý
Gâ ýGââü +<,

è Y
í
S |

â3�>Gââ
ì
ý Y

í
S |

â3�> Gâ
ì
è
k
ü|

â í
S |

â3�> Gâ
ì
. ý|

â í
S |

â3�>Gâ
ìl
ñ
ý
Gâ ýGââü =

Wklv suryhv Y
í
S |

â3�>Gââ
ì
ý Y

í
S |

â3�> Gâ
ì
A 3 dqg wkxv Y lv ghfuhdvlqj lq G|3�=

+<, dovr surylghv dq xsshu erxqg zklfk zloo odwhu suryh xvhixo1
Wr suryh frqyh{lw|/ lw qhhgv wr eh vkrzq wkdw

òY
í
S |

â3�>Gââ
ì
. +4ý ò,Y

í
S |

â3�>Gâ
ì
è Y

í
S |

â3�> òGââ . +4ý ò,Gâ
ì

iru doo ò 5 ^3> 4` = Xvlqj wkh deryh orjlf/
Y
í
S |

â3�>Gâ
ì
è Y

í
S |

â3�> òGââ . +4ý ò,Gâ
ì

ý
k
ü|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ì
. ý|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ìl
û

ñ
û
Gâ ý ýòGââ . +4ý ò,Gâüú

ru

Y
í
S |

â3�>Gâ
ì
è Y

í
S |

â3�> òGââ . +4ý ò,Gâ
ì

ý
k
ü|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ì
. ý|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ìl
û

ñò
ý
Gâ ýGââü =

Dqdorjrxvo|/ lw lv ghulyhg

Y
í
S |

â3�>Gââ
ì
è Y

í
S |

â3�> òGââ . +4ý ò,Gâ
ì

.
k
ü|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ì
. ý|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ìl
û

ñ +4ý ò, ýGâ ýGââü =
Xvlqj wkhvh orzhu erxqgv iru Y

í
S |

â3�>Gâ
ì
dqg Y

í
S |

â3�>Gââ
ì
> lw iroorzv wkdw

òY
í
S |

â3�>Gââ
ì
. +4ý ò,Y

í
S |

â3�>Gâ
ì

è òY
í
S |

â3�> òGââ . +4ý ò,Gâ
ì

.ò
k
ü|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ì
. ý|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ìl
ñ +4ý ò, ýGâ ýGââü

.+4ý ò,Y
í
S |

â3�> òGââ . +4ý ò,Gâ
ì

ý +4ý ò,
k
ü|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ì
.ý|

â í
S |

â3�> òGââ . +4ý ò,Gâ
ìl
ñò
ý
Gâ ýGââü

@ Y
í
S |

â3�> òGââ . +4ý ò,Gâ
ì
>

55



vr wkdw Y lv frqyh{ lq G|3�= ï
Dowhuqdwlyh Surri ri Wkhruhp 5 Gh?qh wkh vhtxhqfh ri ydoxh ixqfwlrqv

iyû +ü,j"û'� =

yûn�
ý
S |3�> G|3�

ü
@ pd{

åMl
ä +S , +43,

.ï!
ý
S> S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú

.ï
û
4ý ! ýS>S |3�üúpd{iyû ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj=
Jlyhq D40D8/ lw iroorzv iurp wkh Frqwudfwlrq Pdsslqj Wkhruhp wkdw Y +ü, @ olpû<" yû +ü, =
Dq| surshuw| wkdw krogv iru wkh vhtxhqfh ri ixqfwlrqv iyû +ü,j"û'� wkhq krogv iru Y +ü, =

Vxssrvh yû +ü, lv ghfuhdvlqj lq G|3�1 Vlqfh â +ü, lv qrqghfuhdvlqj lq G|3� wkhq
pd{ iyû +ü, > +eä@ +4ý ï,,ý â +ü,j lv qrqghfuhdvlqj lq G|3�1 Xvlqj wklv idfw dorqj zlwkû
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú ehlqj ghfuhdvlqj lq G|3�> lw iroorzv wkdw yûn� +ü,
lv ghfuhdvlqj lq G|3�= Wkhuhiruh/ Y +ü, lv ghfuhdvlqj lq G|3�=

Vxssrvh yû +ü, lv frqyh{ lq G|3�1 Dv â +ü, lv frqyh{ lq G|3� dqg/ vlqfh wkh pd{0
lpxp ri frqyh{ ixqfwlrqv lv frqyh{/ wkhq pd{ iyû +ü, > +eä@ +4ý ï,,ý â +ü,j lv frqyh{
lq G|3�=66 Qh{w qrwh wkdw

û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú lv frqyh{ lq G|3�1

Wkxv/ wkh ixqfwlrq ehlqj pd{lpl}hg rq wkh ukv ri +43, lv frqyh{ lq G|3�1 Dv yûn� +ü,
lv vlpso| wkh pd{lpxp ri d froohfwlrq ri frqyh{ ixqfwlrqv 0 hdfk rqh sdudphwhul}hg
e| d gl>huhqw hohphqw ri ó 0 wkhq yûn� +ü, lv frqyh{ lq G|3�1 ï

Surri ri Wkhruhp 6 Wkh surri vwudwhj| lqyroyhv ?uvw vkrzlqj wkdw wkh vwdwh
yduldeoh/ G|3�> lv qrq0ghfuhdvlqj ryhu wlph dqg wkhq vkrzlqj wkdw wkh wlph sdwk iru
wkh vwdwh yduldeoh lpsolhv wkh vshfl?hg surshuwlhv ri wkh sulfh sdwk1

Iluvw qrwh wkdw g
ý
S �
ü
A 3 vr wkdw G� A Gf +@ 3, = Li qrw wkhq g

ý
S �
ü
@ 3 dqg

wkhuhiruhG� @ 3= E| vwdwlrqdulw|/ wkh vdph sulfh lv fkdujhg lq shulrg 5 dqg wkhuhdiwhu1
Vlqfh g

ý
S �
ü
@ 3 lpsolhv ä

ý
S �
ü
@ 3 e| E8/ wkh ?up*v sd|r> lv }hur1 Wklv frqwudglfwv

wkh rswlpdolw| ri iruplqj d fduwho vlqfh d sd|r> ri eä@ +4ý ï, è 3 fdq eh hduqhg e|
qrw iruplqj d fduwho167

Wkh qh{w vwhs lv wr vkrz wkdw
õ
G|3�

ô"
|'�

lv qrq0ghfuhdvlqj ryhu wlph1 Jlyhq
wkdw Gf ? G�> li lw lv qrw wuxh wkdw G|3� lv qrq0ghfuhdvlqj wkhq <wJ è 4 vxfk wkdw

66Vxssrvh ü� Euä c ü2 Euä c é é é c ü& Euä duh frqyh{ lq %1 Wr vkrz wkdw L Euä ó
4@ tü� Euä c ü2 Euä c é é é c ü& Euäå lv frqyh{/ vxssrvh wr wkh frqwudu|1 Wklv phdqv wkdw !%âc %ââ
dqg b M Efc �ä vxfk wkdw

bL
ý
%â
ü
n E�3 bäL ý%ââü ÷ L ýb%â n E�3 bä%ââü é

Vxssrvh L E%âä ' üð E%
âä/ L E%ââä ' üæ E%

ââä c dqg L Eb%â n E�3 bä%ââä ' ü& Eb%
â n E�3 bä%ââä é Wkh

frqglwlrq lv wkhq=
büð

ý
%â
ü
n E�3 bäüæ

ý
%ââ
ü
÷ ü&

ý
b%â n E�3 bä%ââü é

Vlqfh üð E%âä D ü& E%âä dqg üæ E%ââä D ü& E%ââä c lw iroorzv wkdw=
bü&

ý
%â
ü
n E�3 bäü&

ý
%ââ
ü
÷ ü&

ý
b%â n E�3 bä%ââü c

exw wklv frqwudglfwv wkh dvvxpswlrq wkdw ü& Euä lv frqyh{1
67Wklv vwdwhphqw lv d jhqhulf rqh dv lw h{foxghv wkh qrq0jhqhulf fdvh ri T Efä ' f iru zklfk d

qhfhvvdu| frqglwlrq lv eZ ' fé

56



G|
J3� ? G|

f
A G|

Jn�=68 Wr uhgxfh qrwdwlrqdo edjjdjh/ ohw Gn ì G|
J3�> Gâ ì G|

f

dqg Gââ ì G|
Jn� vr Gn ? Gâ A Gââ= Ohw S â ì S |

f
dqg S ââ ì S |

fn� eh wkh sulfhv
fkdujhg lq wkrvh shulrgv dorqj wkh rswlpdo sdwk1 Qrwh wkdw wkh vwdwh lv Gn zkhq S

â

lv fkrvhq dqg lw lv Gâ zkhq S ââ lv fkrvhq1 E| wkh htxdwlrq ri prwlrq rq wkh vwdwh
yduldeoh/ lw iroorzv e| gh?qlwlrq=

Gâ @ ñGn . ðg
í
S
âì

Gââ @ ñGâ . ðg
ý
S ââ
ü
=

Vlqfh Gn ? Gâ dqg Gââ ? Gâ/ lw iroorzv iurp gâ +S , A 3 wkdw S â A S ââ=69 Qh{w gh?qh
S â dqg S ââ =

Gââ @ ñGn . ðg
ý
S â
ü

Gâ @ ñGâ . ðg
í
S
ââì
=

S â lv wkh sulfh wkdw uhvxowv lq Gââ zkhq lqlwldo gdpdjhv duh Gn +zkhuh uhfdoo wkdw d
sulfh ri S

â
lv wkh sulfh wkdw uhvxowv lq Gâ zkhq lqlwldo gdpdjhv duh Gn, dqg S

ââ
lv wkh

sulfh wkdw uhvxowv lq Gâ zkhq lqlwldo gdpdjhv duh Gâ +zkhuh uhfdoo wkdw d sulfh ri S ââ

lv wkh sulfh wkdw uhvxowv lq Gââ zkhq lqlwldo gdpdjhv duh Gâ,1 Vlqfh

ñGn . ðg
ý
S ââ
ü
? Gââ ? ñGn . ðg

í
S
âì
>

S â h{lvwv dqg olhv lq
í
S ââ> S â

ì
e| wkh frqwlqxlw| ri g +ü, = Vlploduo|/ vlqfh

ñGâ . ðg
ý
S ââ
ü
? Gâ ? ñGâ . ðg

í
S
âì
>

wkhq S
ââ 5

í
S ââ> S â

ì
1

Wr vkrz wkdw gdpdjhv fdqqrw eh ghfuhdvlqj/ wkh surri vwudwhj| lv wr vkrz wkdw
li S

â
lv suhihuuhg wr S â zkhq G|3� @ Gn wkhq S

ââ
lv vwulfwo| suhihuuhg wr S ââ zkhq

G|3� @ Gâ zklfk surylghv d frqwudglfwlrq ri wkh rswlpdolw| ri S ââ zkhq G|3� @ Gâ=
Vlqfh S

â
lv rswlpdo zkhq wkh vwdwh yduldeoh lv Gn> wkh sd|r> iurp S

â
pxvw zhdno|

h{fhhg wkdw iurp S â=

ä
í
S
âì
. ïh!íS âì û+eä@ +4ý ï,,ý I ýGâú. ï k4ý h!íS âìlY ýGâü

è ä
ý
S â
ü
. ïh! ýS âü û+eä@ +4ý ï,,ý I ýGââú. ï k4ý h! ýS âülY ýGââü =

68 Li (|33� ' (|3 wkhq å |
r

' å |
rn� dqg lw lv vwudljkwiruzdug wr vkrz wkdw (|3 ' (|3n� dqg/

ixuwkhupruh/ (| ' (|3ú| D |Jé Khqfh/ li (|3 : (|rn� wkhq (|r3� ÷ (|3 é
69 Lw lv suhvxphg khuh wkdw å

â $ å6 vr wkdw _â Eå ä : f iru å $ å
â
é Lw lv hdv| wr dujxh wkdw wkh

rswlpdo sulfh sdwk lv erxqghg deryh e| å6é Vshfl?fdoo|/ d sulfh sdwk lq zklfk doo sulfhv deryh å6

duh uhsodfhg zlwk å6 |lhogv kljkhu sur?w dqg d zhdno| orzhu suredelolw| ri ghwhfwlrq dqg wkhuhiruh
d vwulfwo| kljkhu sd|r>1
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Uh0duudqjlqj |lhogv=

ä
í
S
âìý ä ýS âü è ï

qh! ýS âü û+eä@ +4ý ï,,ý I ýGââú. k4ý h! ýS âülY ýGââür+44,
ýï
qh!íS âì û+eä@ +4ý ï,,ý I ýGâú. k4ý h!íS âìlY ýGâür =

Vlqfh S ââ lv rswlpdo zkhq wkh vwdwh yduldeoh lv Gâ> wkh sd|r> iurp S ââ pxvw zhdno|
h{fhhg wkdw iurp S

ââ
=

ä
ý
S ââ
ü
. ïh! ýS ââü û+eä@ +4ý ï,,ý I ýGââú. ï k4ý h! ýS ââülY ýGââü

è ä
í
S
ââì
. ïh!íS ââì û+eä@ +4ý ï,,ý I ýGâú. ï k4ý h!íS ââìlY ýGâü =

Uh0duudqjlqj |lhogv=

ï
qh! ýS ââü û+eä@ +4ý ï,,ý I ýGââú. k4ý h! ýS ââülY ýGââür +45,

ýï
qh!íS ââì û+eä@ +4ý ï,,ý I ýGâú. k4ý h!íS ââìlY ýGâür

è ä
í
S
ââìý ä ýS ââü =

Wkh sodq lv wr vkrz wkdw +44, dqg +45, duh lqfrqvlvwhqw1
Iluvw qrwh wkdw

Gâ ýGââ @
k
ñGâ . ðg

í
S
ââìlý ûñGâ . ðg ýS ââüú @ ð kgíS ââìý g ýS ââül >

dqg

Gâ ýGââ @
k
ñGn . ðg

í
S
âìlý ûñGn . ðg ýS âüú @ ð kgíS âìý g ýS âül =

Khqfh/ g
í
S
ââìý g +S ââ, @ gíS âìý g +S â, = E| E8/ lw iroorzv wkdw ä íS ââìýä +S ââ, @

ä
í
S
âìý ä +S â, = Wkhuhiruh/ +44,0+45, lpso|=qh! ýS ââü û+eä@ +4ý ï,,ý I ýGââú. k4ý h! ýS ââülY ýGââür +46,

ý
qh!íS ââì û+eä@ +4ý ï,,ý I ýGâú. k4ý h!íS ââìlY ýGâür

è
qh! ýS âü û+eä@ +4ý ï,,ý I ýGââú. k4ý h! ýS âülY ýGââür
ý
qh!íS âì û+eä@ +4ý ï,,ý I ýGâú. k4ý h!íS âìlY ýGâür =

Gh?qh
# +S , ì S ââ .

kí
S
â ý S ââ

ì
@
ý
S â ý S ââül ýS ý S ââü =

Qrwh wkdw # +S â, @ S â dqg # +S ââ, @ S ââ= Qh{w gh?qh

û+S , ì
qh! +S , û+eä@ +4ý ï,,ý I ýGââú. k4ý h! +S ,lY ýGââür
ý
qh! +# +S ,, û+eä@ +4ý ï,,ý I ýGâú. k4ý h! +# +S ,,lY ýGâür
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vr wkdw +46, fdq eh uhsuhvhqwhg dv= û+S ââ, è û+S â, = Jlyhq S â A S ââ/6: d qhfhv0
vdu| frqglwlrq iru wklv wr eh wuxh lv wkdw û lv qrq0lqfuhdvlqj lq S= Wr ghulyh rxu
frqwudglfwlrq/ lw zloo eh vkrzq wkdw û lv lqfuhdvlqj1

ûâ +S , @ ýh!â +S ,õY ýGââüý û+eä@ +4ý ï,,ý I ýGââúô
.h!â +# +S ,,#â +S ,õY ýGâüý û+eä@ +4ý ï,,ý I ýGâúô =

Vlqfh S â A S ââ wkhq/ e| E6/ h!â +# +S ,, è h!â +S , =6; Qh{w qrwh wkdw #â +S , A 4 l>
S
â ý S ââ A S â ý S ââ / S

â ý S â A S ââ ý S ââ=

Wr vkrz wklv lv wuxh/ uhfdoo wkdw g
í
S
ââì ý g +S ââ, @ g

í
S
âì ý g +S â, > zklfk/ e| wkh

gl>huhqwldelolw| ri g +ü, > lv htxlydohqw wr] å
ââ

å ââ
gâ +S ,gS @

] å
â

å â
gâ +S , gS=

Vlqfh S â A S ââ dqg gââ +S , ? 3> lw iroorzv iurp wkh deryh htxdolw| wkdw S
â ý S â A

S
ââ ý S ââ= Wklv suryhv #â +S , A 4=
Jlyhq #â +S , A 4> wkh ?qdo vwhs lq surylqj ûâ +S , A 3 lv wr vkrz wkdw

Y
ý
Gâ
üý û+eä@ +4ý ï,,ý I ýGâú è Y ýGââüý û+eä@ +4ý ï,,ý I ýGââú =

Fdqfhoolqj dqg uhduudqjlqj whupv/ wklv lqhtxdolw| lv htxlydohqw wr

Gâ ýGââ è Y ýGââüý Y ýGâü = +47,

Iurp +<, ri wkh surri ri Wkhruhp 5/ ü|
ý
S |3�> Gââ

ü
ñ +Gâ ýGââ, lv dq xsshu erxqg

rq Y +Gââ, ý Y +Gâ, =6< Vlqfh ü| ýS |3�> Gââüñ 5 +3> 4, wkhq +47, lv wuxh1 Lw kdv wkhq
ehhq vkrzq wkdw ûâ +S , A 3 zklfk lpsolhv û+S â, A û+S ââ,1 Wklv vkrzv wkdw +44,
dqg +45, duh lqfrqvlvwhqw dqg/ wkhuhiruh/ G|3� pxvw eh qrq0ghfuhdvlqj ryhu wlph1

Wkh ?qdo vwhs lv wr hvwdeolvk wkh surshuwlhv ri wkh sulfh sdwk1 Vlqfh G|3� lv qrq0
ghfuhdvlqj/ wkhuh duh wzr fdvhv= l, G|

â3� ? G|â > dqg ll, G|â3� @ G|â = Frqvlghu fdvh +l,1
Ohw

q
S
|
r"
|'�

ghqrwh wkh rswlpdo sulfh sdwk1 Lq wkh surri ri Wkhruhp 5/ xsshu dqg

orzhu erxqgv rq wkh fkdqjh lq wkh ydoxh ixqfwlrq zhuh hvwdeolvkhg/ vhh +<,1 Xvlqj wkdw

uhvxow/ dqg uhfrjql}lqj wkdw ý
í
S
|â3�

> G|
â3�
ì
@ 3 vlqfh ?upv duh frooxglqj iruhyhu/ lw

iroorzv wkdw wkh gl>huhqfh lq wkh ydoxh ri frooxglqj ehwzhhq shulrgv wâ dqg wâ . 4 kdv
wkh iroorzlqj erxqgv=

ü|
â
ñ
í
G|

â ýG|â3�
ì
è Y

í
G|

â3�
ì
ý Y

í
G|

âì è ü|ân�ñ
í
G|

â ýG|â3�
ì
>

6:Vlqfh q(n n ò_ Eå âä ' q(â n ò_ Eå ââä dqg (n ÷ (â wkhq _ Eå âä : _ Eå ââä é Vlqfh _â Eå ä : f iru
wkh uhohydqw udqjh ri sulfhv wkhq å â : å ââé

6;Khuh zh duh xvlqj wkh idfw wkdw ú Eå ä : å úå M då ââc å âo é
6<Vlqfh frooxvlrq lv iruhyhu wkhq K|

ý
å |3�c(ââü ' fé
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zkhuh uhfdoo

ü| @ ï
"[
ô'|

+ïñ,ô3| h! ýS ôü ô3�\
æ'|

k
4ý h!íS æìl =

VlqfhG|
âýG|â3� A 3 dqg wkxv Y

í
G|

â3�
ì
ýY

í
G|

â
ì
A 3 +e| Wkhruhp 5,/ wklv lpsolhv

ü|
â è ü|ân�= Ohw xv qh{w vkrz wkdw ü| lv lqfuhdvlqj lq Sû;k è w=

Cü|

CSû
@ ï +ïñ,û3| h!â íSûì û3�\

æ'|

k
4ý h!íS æìlû;?=4ý

"[
ô'ûn�

+ïñ,ô3û h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl

<@> =
Vlqfh

"[
ô'ûn�

h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl é 4>

dv lw lv wkh suredelolw| ri ghwhfwlrq lq shulrg k.4 ru odwhu +frqglwlrqdo rq qr ghwhfwlrq
dv ri shulrg k,/ lw iroorzv wkdw

4ý
"[

ô'ûn�

+ïñ,ô3û h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl A 3

dqg wkxv Cü|@CSû A 3= Wr vxppdul}h/ G|
â
A G|

â3� lpsolhv ü|
â è ü|

ân� dqg/ lq
dgglwlrq/ ü| lv lqfuhdvlqj lq Sû iru k è w=

Dv wkh qh{w vwhs/ lw lv vwudljkwiruzdug wr vkrz wkdw

ü| @ ïh!íS |ì. k4ý h!íS |ìl ïñü|n�=
Wklv idfw frpelqhg zlwk ü|

â è ü|ân� uhvxowv lq

ïh!íS |âì. k4ý h!íS |âìl ïñü|ân� è ü|
ân� /

ïh!íS |âì
4ý

k
4ý h!íS |âìl ïñ è ü|

ân�=

Qrwh wkdw wkh okv lv ü| zkhq S
ô
@ S

|â;á è wâ= Jlyhq wkdw surshuw| dqg wkdw ü|
ân� lv

lqfuhdvlqj lq Sû/ wklv lqhtxdolw| grhv qrw krog li S
| è S |â;w è wâ.4 dqg S | A S |â iru

vrph w= Wkhuhiruh/ hlwkhu= l, S
|
@ S

|â;w è wâ . 4> ru ll, <wââ A wâ vxfk wkdw S
|â
A S

|ââ
=

Wkh odwwhu lv rxu ghvluhg uhvxow1 Ohw xv wkhq vkrz wkdw +l, fdqqrw rffxu1

Vxssrvh wkh sulfh sdwk lv frqvwdqw dw S
|â
ryhu shulrgv wâ> wâ . 4> = = = Xvlqj wkh

h{suhvvlrq iru wkh sd|r> ixqfwlrq lq +8, +dqg uhfdoolqj wkdw W @ .4,/ wkh ghulydwlyh

5:



ri wkh sd|r> ixqfwlrq dw shulrg w zlwk uhvshfw wr wkh shulrg w +è wâ, sulfh/ hydoxdwhg
dw S

|
@ S

|â;w è wâ> lv73

äâ
í
S
|
ì
ýü|ðgâ

í
S
|
ì
ý
ë
Cü|

CS |

êk
ðg
í
S
|
ì
. ñG|3�

l
+48,

ý!â
í
S
|
ì "[
ô'|n�

ïô3|
ô3�\
æ'|

k
4ý !

í
S
æ
ìl û

ä
ý
S
ôüýüôðg ýS ôüý +eä ý +4ý ï,I ,ú =

Vlqfh wkh sulfh sdwk lv frqvwdqw/ ü| dqg Cü|@CS | wdnh rq wkh vdph ydoxhv ;w= Ohw xv
dujxh wkdw S

|â
lv lq wkh lqwhulru ri ó vr wkdw +48, htxdov }hur1 Vlqfh lw lv srvwxodwhg

wkdw G|
â3� ? G|â wkhq g

í
S
|â
ì
A 3 zklfk lpsolhv wkdw S

|â
h{fhhgv wkh plqlpxp ri

ó e| E81 Li S
|â
@ S6 wkhq +48, lv qhjdwlyh1 Ixuwkhupruh/ lw fdqqrw eh rswlpdo wr

sulfh deryh S6=74 Khqfh/ S
|â
pxvw eh vwulfwo| ohvv wkdq wkh pd{lpxp ri ó= Vlqfh wkh

rswlpdo sulfh lv lqwhulru/ +48, htxdov }hur ;w1 Krzhyhu/ wkh h{suhvvlrq lv ghfuhdvlqj lq
G|3� dqg vlqfh G|

â3� ? G|â / li +48, lv }hur iru wâ wkhq lw pxvw eh qhjdwlyh iru wâ . 41
Wklv frqwudglfwlrq hvwdeolvkhv wkdw wkh rswlpdo sulfh sdwk fdqqrw eh frqvwdqw dqg/
wkhuhiruh/ G|

â3� ? G|â lpsolhv <wââ A wâ vxfk wkdw S
|â
A S

|ââ
=

Fdvh +ll, lv zkhq G|
â3� @ G|

â
= E| vwdwlrqdulw|/ S

|â
@ S

|ân�
= E| wkh iroorzlqj

vwhsv/ lw lv vkrzq wkdw G|
â
@ G|

ân�=

G|
ân� @ ñG|

â
. ðg

í
S
|ân�

ì
@ ñG|

â3� . ðg
í
S
|â
ì

@ G|
â
=

E| lqgxfwlrq/ G|3� @ G|â3�;w è wâ dqg wkhuhiruh S
|
@ S

|â;w è wâ= Khqfh/ li G|â3� @
G|

â
wkhq sulfh lv frqvwdqw dw S

|â
wkhuhdiwhu1 ï

Surri ri Wkhruhp 7 Wkhuh duh vhyhudo vwhsv lq wkh surri1 Iluvw/ lw lv vkrzq
wkdw li lw lv rswlpdo wr irup d fduwho wkhq lw lv rswlpdo wr frooxgh iruhyhu1 Vhfrqg/
wkh rswlpdo sulfh sdwk lv erxqghg deryh e| S W1 Wklug/ wkh rswlpdo sulfh sdwk lv
qrq0ghfuhdvlqj ryhu wlph1 Irxuwk/ wkh rswlpdo sulfh sdwk frqyhujhv wr S W1

î Lw lv rswlpdo wr frooxgh iruhyhu1

Wkh vwudwhj| lv wr vkrz wkdw li lw lv rswlpdo wr frooxgh lq/ vd|/ shulrg W wkhq lw
pxvw eh rswlpdo wr frooxgh lq shulrg W . 4= Dvvxph lw lv rswlpdo wr irup d fduwho1
Lw lv vx!flhqw wr vkrz wkdw lw lv rswlpdo wr frooxgh iruhyhu zkhq â

ý
S |3�>G|3�

ü
@

3; ýS |3�>G|3�ü vr wkdw wkh whuplqdo sd|r> iurp vwrsslqj frooxvlrq lv eä@ +4ý ï,1
73 Lw lv hdvlhu wr vhh wkdw wklv lv wkh ghulydwlyh e| revhuylqj wkh uh0duudqjhphqw ri +8, lq +4<,1
74 Lw lv khosixo wr qrwh wkdw/ dv wkh qhw lqfrph lq shulrg | lv Z

í
å
|3
ì
3 {|ò_

í
å
|3
ì

'

Z
í
å
|3
ì ý

�3{|ò#
ü
/ rswlpdolw| uhtxluhv wkh sulfh sdwk eh vxfk wkdw {|ò# ÷ �é
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Vxssrvh lw lv rswlpdo wr frooxgh xqwlo shulrg W zkhuh W lv ?qlwh1 Iru lw wr eh rswlpdo
wr frooxgh lq W / lw pxvw eh wuxh wkdw=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú. ïeä

4ý ï è
eä

4ý ï =

Wkh okv lv wkh sd|r> iurp frooxglqj lq W dqg vwrsslqj frooxvlrq dv ri W . 4 dqg wkh
ukv lv wkh sd|r> iurp vwrsslqj frooxvlrq lq W= Wklv h{suhvvlrq lv htxlydohqw wr=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú è eä= +49,

Iru lw wr eh rswlpdo wr glvpdqwoh wkh fduwho lq W . 4/ lw lv qhfhvvdu| wkdw=

eä
4ý ï A ä

ý
SA
üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú. ïeä

4ý ï /

eä A ä ýSA üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú = +4:,

Wkh ukv lv wkh sd|r> iurp pdlqwdlqlqj d sulfh ri SA lq W . 4 dqg wkhq vwrsslqj
frooxvlrq dv ri W . 5=75 Qrwh wkdw !

ý
SA > SA

ü
@ e! +3, = Frpelqlqj +49,0+4:,=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú

è eä A ä ýSA üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú =
D qhfhvvdu| frqglwlrq iru wklv wr krog lv=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú

A ä
ý
SA
üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú

ru

e! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú A ! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú =
Vlqfh/ e| F7/ !

ý
SA > SA3�

ü è e! +3, > d qhfhvvdu| frqglwlrq lv=

ñ
ý
ñGA3� . ðg

ý
SA
üü
. ðg

ý
SA
ü
A ñGA3� . ðg

ý
SA
ü/ ðg

ý
SA
ü

+4ý ñ, A G
A3�=

Lqwxlwlyho|/ li lw lv rswlpdo wr frooxgh dw d sulfh ri SA lq shulrg W exw lw lv qrw rswlpdo
wr gr vr lq W . 4 wkhq gdpdjhv pxvw eh kljkhu lq W . 41 Iru wkdw wr eh wkh fdvh/
zkdw lv dgghg wr gdpdjhv lq W> ðg

ý
SA
ü
> pxvw h{fhhg wkh dprxqw ri gdpdjhv orvw

wkurxjk ghsuhfldwlrq/ +4ý ñ,GA3�= Wklv surgxfhv wkh deryh frqglwlrq1
Qh{w qrwh wkdw lw lv qhyhu rswlpdo iru wkh fduwho sulfh wr h{fhhg wkh vlpsoh

prqrsro| sulfh ri S6= Uhodwlyh wr d sulfh ri S6> d kljkhu sulfh |lhogv vwulfwo| orzhu
fxuuhqw sur?w/ zhdno| kljkhu gdpdjhv/ dqg/ dv sulfh lqlwldoo| vwduwv ehorz S6> d
zhdno| kljkhu suredelolw| ri ghwhfwlrq1 Lw lv vwudljkwiruzdug wr vkrz wkdw d sulfh

75Wkh dvvxpswlrq lv xvhg wkdw d ?up pxvw vwulfwo| suhihu qrw wr frooxgh iru lw wr glvvroyh wkh fduwho1
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sdwk zlwk sulfhv deryh S6 |lhogv d orzhu sd|r> wr rqh lq zklfk doo wkrvh sulfhv
h{fhhglqj S6 duh uhsodfhg zlwk S6= Vlqfh wkhq SA é S6> lw iroorzv iurp F9 wkdw=

ä
ý
SA
üý ïe! +3,%#ðg ýSA ü

4ý ñ

$
. I

&
A eä= +4;,

Jlyhq lw kdv ehhq vkrzq wkdw GA3� lv erxqghg deryh e| ðg
ý
SA
ü
@ +4ý ñ, > +4;,

frqwudglfwv +4:,1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw wkh fodlp wkdw frooxvlrq vwrsv lq
?qlwh wlph lv idovh1

î Wkh rswlpdo sulfh sdwk lv erxqghg deryh e| S W=

Wkh surri vwudwhj| lv wr vkrz wkdw li wkh sulfh sdwk hyhu h{fhhgv S W wkdw d kljkhu
sd|r> lv uhdol}hg e| sulflqj dw S W iruhyhu/ vwduwlqj lq wkh shulrg zlwk zklfk sulfh
?uvw h{fhhgv S W=

Dvvxplqj ?upv frooxgh iruhyhu dqg xvlqj wkh uhsuhvhqwdwlrq ri wkh sd|r> lq +5;,/

wkh sd|r> vwduwlqj iurp shulrg wâ iru wkh frooxvlyh sulfh sdwk
q
S
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æ'|

k
4ý !

í
S
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æ3�ìl
=

Lq frqvlghulqj +4<,/ lw lv dv li d frooxglqj ?up uhfhlyhv qhw lqfrph lq hdfk shulrg htxdo
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wlwlrq= Wkh Uroh ri Fdsdflw| Uhfrqvlghuhg/4 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo
Rujdql}dwlrq/ < +4<<4,/ 7::0<81

^44` Ehuqkhlp/ E1 Grxjodv dqg Plfkdho G1 Zklqvwrq/ 3Pxowlpdunhw Frqwdfw dqg
Frooxvlyh Ehkdylru/4 UDQG Mrxuqdo ri Hfrqrplfv/ 54 +4<<3,/ 40591

^45` Ehvdqnr/ Gdylg dqg Gdqlho I1 Vsxoehu/ 3Dqwlwuxvw Hqirufhphqw xqghu Dv|p0
phwulf Lqirupdwlrq/4 Hfrqrplf Mrxuqdo/ << +4<;<,/ 73;07581

^46` Ehvdqnr/ Gdylg dqg Gdqlho I1 Vsxoehu/ 3Duh Wuheoh Gdpdjhv QhxwudoB Vh0
txhqwldo Htxloleulxp dqg Sulydwh Dqwlwuxvw Hqirufhphqw/4 Dphulfdq Hfrqrplf
Uhylhz/ ;3 +4<<3,/ ;:30;;:1

^47` Eorfn/ Plfkdho N1/ Iuhghulfn F1 Qrog/ dqg Mrvhsk J1 Vlgdn/ 3Wkh Ghwhuuhqw
H>hfw ri Dqwlwuxvw Hqirufhphqw/4 Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;< +4<;4,/ 75<0
7781
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^48` Eurfn/ Zlooldp D1 dqg Mrvh D1 Vfkhlqnpdq/ 3Sulfh Vhwwlqj Vxshujdphv zlwk
Fdsdflw| Frqvwudlqwv/4 Uhylhz ri Hfrqrplf Vwxglhv/ 85 +4<;8,/ 6:406;51

^49` Eurg/ Dqguhz dqg Udp Vklydnxpdu/ 3Dgydqwdjhrxv Vhpl0Frooxvlrq/4 Mrxuqdo
ri Lqgxvwuldo Hfrqrplfv/ 7: +4<<<,/ 55405631

^4:` Fkdqj/ P|rqj0Kxq/ 3Wkh H>hfwv ri Surgxfw Gl>huhqwldwlrq rq Frooxvlyh Sulf0
lqj/4 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ < +4<<4,/ 786079<1

^4;` Fkdqj/ P|rqj0Kxq/ 3Lqwhuwhpsrudo Surgxfw Gl>huhqwldwlrq dqg Lwv H>hfwv rq
Frooxvlyh Ilup Ehkdylru/4 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 66 +4<<5,/ ::60:<61

^4<` Fkulvwlh/ Zlooldp J1 dqg Sdxo K1 Vfkxow}/ 3Zk| Grq Qdvgdt Pdunhw Pdnhuv
Dyrlg Rgg0Hljkwk TxrwhvB/4 Mrxuqdo ri Ilqdqfh/ 7< +4<<7,/ 4;4604;731

^53` Frqqru/ Mrkq P1/ 3Zkdw Fdq Zh Ohduq iurp wkh DGP Joredo Sulfh Frqvslu0
dflhvB14 Vwd> Sdshu &<;047/ Ghsduwphqw ri Djulfxowxudo Hfrqrplfv/ Sxugxh
Xqlyhuvlw|/ Dxjxvw 4<<;1

^54` Frqqru/ Mrkq P1/ 3cRxu Fxvwrphuv Duh Rxu Hqhplhv*= Wkh O|vlqh Fduwho ri
4<<504<<8/4 Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 4; +5334,/ 80541

^55` Fudpwrq/ Shwhu F1 dqg Wkrpdv U1 Sdoiuh|/ 3Fduwho Hqirufhphqw zlwk Xqfhu0
wdlqw| derxw Frvwv/4 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 64 +4<<3,/ 4:07:1

^56` F|uhqqh/ Sklolssh/ 3Rq Dqwlwuxvw Hqirufhphqw dqg wkh Ghwhuuhqfh ri Frooxvlyh
Ehkdylru/4 Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 47 +4<<<,/ 58:05:51

^57` Gdylgvrq/ Fduo dqg Ud|prqg M1 Ghqhfnhuh/ 3H{fhvv Fdsdflw| dqg Frooxvlrq/4
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 64 +4<<3,/ 8540741

^58` Ghqhfnhuh/ Ud|prqg M1/ 3Gxrsro| Vxshujdph zlwk Surgxfw Gl>huhqwldwlrq/4
Hfrqrplfv Ohwwhuv/ 44 +4<;6,/ 6:0751

^59` gh Urrv/ Qlfrodv/ 3D Prgho ri Frooxvlrq Wlplqj/4 \doh Xqlyhuvlw|/ skrwrfrs|/
Qryhpehu 53331

^5:` Hvzdudq/ Pxnhvk/ 3Fduwho Xqlw| ryhu wkh Exvlqhvv F|foh/4 Fdqdgldq Mrxuqdo ri
Hfrqrplfv/ 63 +4<<:,/ 97709:51

^5;` Ihlqehuj/ Urehuw P1/ 3Vwudwhjlf dqg Ghwhuuhqw Sulflqj Uhvsrqvhv wr Dqwlwuxvw
Lqyhvwljdwlrqv/4 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 5 +4<;7,/ :80
;71

^5<` Ihuvkwpdq/ Fkdlp dqg Qhlo Jdqgdo/ 3Glvdgydqwdjhrxv Vhplfrooxvlrq/4 Lqwhuqd0
wlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 45 +4<<7,/ 4740871

^63` Ihuvkwpdq/ Fkdlp dqg Hlwdq Pxoohu/ 3Fdslwdo Lqyhvwphqw dqg Sulfh Djuhhphqw
lq Vhplfrooxvlyh Pdunhwv/4 UDQG Mrxuqdo ri Hfrqrplfv/ 4: +4<;9,/ 5470591
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^64` Ihuvkwpdq/ Fkdlp dqg Dulho Sdnhv/ 3D G|qdplf Roljrsro| zlwk Frooxvlrq dqg
Sulfh Zduv/4 UDQG Mrxuqdo ri Hfrqrplfv/ 64 +5333,/ 53:05691

^65` Iulhgpdq/ Mdphv Z1/ 3D Qrq0frrshudwlyh Htxloleulxp iru Vxshujdphv/4 Uhylhz
ri Hfrqrplf Vwxglhv/ 5; +4<:4,/ 40451

^66` Iulhgpdq/ Mdphv Z1/ 3Sduwldo Frooxvlrq Irvwhuv Plqlpxp Surgxfw Gl>huhqwld0
wlrqv/4 UDQG Mrxuqdo ri Hfrqrplfv/ 57 +4<<6,/ 96409781

^67` Jdoor/ Mrvhsk F1/ Nhqqhwk Gdx0Vfkplgw/ Mrvhsk O1 Fud|fudiw/ dqg Fkduohv M1
Sdunhu/ 3Ghsduwphqw ri Mxvwlfh Dqwlwuxvw Hqirufhphqw/ 4<8804<<:= Dq Hpslulfdo
Vwxg|/4 Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 4: +5333,/ :804661

^68` Juhhq/ Hgzdug dqg Urehuw K1 Sruwhu/ 3Qrqfrrshudwlyh Frooxvlrq xqghu Lpshu0
ihfw Sulfh Lqirupdwlrq/4 Hfrqrphwulfd/ 85 +4<;7,/ ;:04331

^69` Kdowlzdqjhu/ Mrkq dqg Mrvhsk H1 Kduulqjwrq/ Mu1/ 3Wkh Lpsdfw ri F|folfdo Gh0
pdqg Pryhphqwv rq Frooxvlyh Ehkdylru/3 UDQG Mrxuqdo ri Hfrqrplfv/ 55
+4<<4,/ ;<04391

^6:` Kduulqjwrq/ Mrvhsk H1 Mu1/ 3Frooxvlrq lq Pxowlsurgxfw Roljrsro| Jdphv xqghu
d Ilqlwh Krul}rq/4 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 5; +4<;:,/ 40471

^6;` Kduulqjwrq/ Mrvhsk H1 Mu1/ 3Frooxvlrq Dprqj Dv|pphwulf Ilupv= Wkh Fdvh ri
Gl>huhqw Glvfrxqw Idfwruv/4 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ :
+4<;<d,/ 5;<063:1

^6<` Kduulqjwrq/ Mrvhsk H1/ Mu1/ 3Frooxvlrq dqg Suhgdwlrq xqghu +Doprvw, Iuhh Hq0
wu|/4 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ : +4<;<e,/ 6;407341

^73` Kduulqjwrq/ Mrvhsk H1/ Mu1/ 3Wkh Ghwhuplqdwlrq ri Sulfh dqg Rxwsxw Txrwdv lq
d Khwhurjhqhrxv Fduwho/4 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 65 +4<<4d,/ :9:0:<51

^74` Kduulqjwrq/ Mrvhsk H1/ Mu1/ 3Wkh Mrlqw Sur?w Pd{lpxp dv d Iuhh0Hqwu| Htxl0
oleulxp Rxwfrph/4 Hxurshdq Hfrqrplf Uhylhz/ 68 +4<<4e,/ 43;:044341

^75` Kd|/ Jhrujh dqg Gdqlho Nhoo|/ 3Dq Hpslulfdo Vxuyh| ri Sulfh Il{lqj Frqvslud0
flhv/4 Mrxuqdo ri Odz dqg Hfrqrplfv/ 4: +4<:7,/ 4606;1

^76` Ndqgrul/ Plfklklur/ 3Fruuhodwhg Ghpdqg Vkrfnv dqg Sulfh Zduv Gxulqj
Errpv/4 Uhylhz ri Hfrqrplf Vwxglhv/ 8; +4<<4,/ 4:404;31

^77` Nlkovwurp/ Ulfkdug dqg [dylhu Ylyhv/ 3Frooxvlrq e| Dv|pphwulfdoo| Lqiruphg
Gxrsrolvwv/4 Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/ 8 +4<;<,/ 6:407351

^78` Nlkovwurp/ Ulfkdug dqg [dylhu Ylyhv/ 3Frooxvlrq e| Dv|pphwulfdoo| Lqiruphg
Ilupv/4 Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|/ 4 +4<<5,/ 6:406<91

^79` OdFdvvh/ Fkdqwdoh/ 3Elg Uljjlqj dqg wkh Wkuhdw ri Jryhuqphqw Survhfxwlrq/4
UDQG Mrxuqdo ri Hfrqrplfv/ 59 +4<<8,/ 6<;074:1
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^7:` Ohy|/ Gdylg dqg Doydur Urgultxh}/ 3Grhv wkh Wkuhdw ri Dqwlwuxvw Srolf| Nhhs
Sulfhv GrzqB/ ru= Pdnlqj Kd| Zkloh wkh Vxq Vklqhv/4 Lqwhuqdwlrqdo Mrxuqdo ri
Lqgxvwuldo Rujdql}dwlrq/ 8 +4<;:,/ 67406831

^7;` PfFxwfkhrq/ Eduedud/ 3Gr Phhwlqjv lq Vprnh0Iloohg Urrpv Idflolwdwh Froox0
vlrqB/4 Mrxuqdo ri Srolwlfdo Hfrqrp|/ 438 +4<<:,/ 66306831

^7<` Prwwd/ Pdvvlpr dqg Plfkhoh Sror/ 3Ohqlhqf| Surjudpv dqg Fduwho Survhfx0
wlrq/4 Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ sgi frs|/ Iheuxdu| 53341

^83` Rveruqh/ Pduwlq M1 dqg Fduro|q Slwfkln/ 3Sur?w0Vkdulqj lq d Frooxvlyh Lqgxv0
wu|/4 Hxurshdq Hfrqrplf Uhylhz/ 55 +4<;6,/ 8<0:71

^84` Rveruqh/ Pduwlq M1 dqg Fduro|q Slwfkln/ 3Fduwhov/ Sur?wv dqg H{fhvv Fdsdflw|/4
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 5; +4<;:,/ 746075;1

^85` Sror/ Plfkhoh/ 3Wkh Rswlpdo Suxghqwldo Ghwhuuhqfh ri Sulfh Il{lqj Djuhhphqwv/4
Erffrql Xqlyhuvlw|/ sgi frs|/ Vhswhpehu 4<<:1

^86` Sruwhu/ Urehuw K1/ 3Rswlpdo Fduwho Wuljjhu Sulfh Vwudwhjlhv/4 Mrxuqdo ri Hfr0
qrplf Wkhru|/ 5< +4<;6,/ 646066;1

^87` Srvqhu/ Ulfkdug D1/ 3D Vwdwlvwlfdo Vwxg| ri Dqwlwuxvw Hqirufhphqw/4 Mrxuqdo ri
Odz dqg Hfrqrplfv/ 46 +4<:3,/ 698074<1

^88` Srvqhu/ Ulfkdug D1/ Dqwlwuxvw Odz= Dq Hfrqrplf Shuvshfwlyh/ Fklfdjr= Wkh
Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<:91

^89` Udgqhu/ Ur|/ 3H{fhvv Fdsdflw| dqg Vkdulqj Sur?wv= D Jdph0Wkhruhwlf Ds0
surdfk/4 plphr/ Ehoo Odev/ 4<::1

^8:` Udlwk/ Plfkdho/ 3Surgxfw Gl>huhqwldwlrq/ Xqfhuwdlqw| dqg wkh Vwdelolw| ri Fro0
oxvlrq/4 Xqlyhuvlwì Oleuh gh Eux{hoohv/ sgi yhuvlrq/ Mxo| 4<<91

^8;` Urehuwv/ Nhylq/ 3Fduwho Ehkdylrxu dqg Dgyhuvh Vhohfwlrq/4 Mrxuqdo ri Lqgxvwuldo
Hfrqrplfv/ 66 +4<;8,/ 73407461

^8<` Urvv/ Wkrpdv Z1/ 3Fduwho Vwdelolw| dqg Surgxfw Gl>huhqwldwlrq/4 Lqwhuqdwlrqdo
Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 43 +4<<5,/ 40461

^93` Urwkvfklog/ U1/ 3Fduwho Vwdelolw| Zkhq Frvwv Duh Khwhurjhqhrxv/4 Lqwhuqdwlrqdo
Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 4: +4<<<,/ :4:0:671

^94` Urwhpehuj/ Mxolr M1 dqg Jduwk Vdorqhu/ 3D Vxshujdph0Wkhruhwlf Prgho ri Sulfh
Zduv Gxulqj Errpv/3 Dphulfdq Hfrqrplf Uhylhz/ :9 +4<;9,/ 6<3073:1

^95` Vdòg/ Vrxdp/ 3Rswlpdo Dqwlwuxvw Srolf| xqghu Gl>huhqw Uhjlphv ri Ilqhv/4 Lq0
whuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 4< +5334,/ 40591

^96` Vdodqw/ Vwhskhq Z1/ 3Wuheoh Gdpdjh Dzdugv lq Sulydwh Odzvxlwv iru Sulfh Il{0
lqj/4 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8 +4<;:,/ 4659046691
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^97` Vsdjqror/ Jldqfduor/ 3Rq Lqwhughshqghqw Vxshujdphv= Pxowlpdunhw Frqwdfw/
Frqfdylw|/ dqg Frooxvlrq/4 Mrxuqdo ri Hfrqrplf Wkhru|/ ;< +4<<<,/ 45:046<1

^98` Vsloohu/ Sdeor W1/ 3Wuheoh Gdpdjhv dqg Rswlpdo Vxlqj Wlph/4 Uhvhdufk lq Odz
dqg Hfrqrplfv/ < +4<;9,/ 780891

^99` Vwdljhu/ Urehuw Z1 dqg Iudqn D1 Zrodn/ 3Frooxvlyh Sulflqj zlwk Fdsdflw| Frq0
vwudlqwv lq wkh Suhvhqfh ri Ghpdqg Xqfhuwdlqw|/3 UDQG Mrxuqdo ri Hfrqrplfv/
56 +4<<5,/ 53605531

^9:` Vwljohu/ Jhrujh/ 3D Wkhru| ri Roljrsro|/4 Mrxuqdo ri Srolwlfdo Hfrqrp|/ :5
+4<97,/ 770941

^9;` Vwrnh|/ Qdqf| O1 dqg Urehuw H1 Oxfdv/ Mu1 zlwk Hgzdug F1 Suhvfrww/ Uhfxuvlyh
Phwkrgv lq Hfrqrplf G|qdplfv/ Fdpeulgjh/ Pdvv1= Kduydug Xqlyhuvlw| Suhvv/
4<;<1

^9<` Zklwh/ Odzuhqfh M1/ 3O|vlqh dqg Sulfh Il{lqj= Krz OrqjB Krz VhyhuhB/4
Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 4; +5334,/ 560641
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Figure 1B
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Figure 2
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