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We also implemented 500 bootstraps by resampling (Y, X, W) within each population. The
results are given in Table 3. We see that the measurement errors cause significant attenuation
in the estimation of #;. The corrected estimators have much greater variability than the naive
estimator, with variability increasing as assumptions are relaxed.

In Figure 1, we plot the sieve estimated density functions for the measurement error models
in EATS and OPEN, as well as the density functions for the latent covariates. The measurement
error density estimates are rough, as expected from the deconvolution literature, but they appear
somewhat vaguely centered at the true value of the latent variable and clearly depend upon it, the
latter being the point of most interest. The latent variable density estimates are easier to visualise

Figure 1. Analysis of the nutrition data set. Left side: sieve estimated measurement error density. Right side: sieve
estimated latent variable density.
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because W and W, have only four levels: there is more skewness in the EATS data than in the
OPEN data.

5.2. Testing Assumption 2.3

We used the same idea as in Section 4.2 to test whether the distribution of the response given the
true covariates is the same in the two samples.

From our analysis, the measurement error variances for OPEN and EATS were estimated
as approximately 0.3 and 0.6. We generated 500 data sets where we replaced X in EATS by
X 4+ N(0.0,0.5) and we replaced X, in OPEN by X, + N(0.0, 0.3). We fit the same method
of moments estimation as in Section 4.2 but applied to these perturbed data sets. If the model
assumption fails, then we would expect to see statistically significant bias.

The results were as follows. For §;, the mean difference between the original and perturbed
estimates was 0.035 with a standard deviation 0.035. For §,, the mean difference between the
original and perturbed estimates was 0.01 with a standard deviation 0.014. For B3, the mean
difference between the original and perturbed estimates was 0.01 with a standard deviation 0.015.
It appears then that while Assumption 2.3 may be violated in this example, the size of that violation
is not likely to be large.

We also refit the data using our sieve-based approach, which makes no assumptions that the mea-
surement errors are homoscedastic, with similar results. That is, in all cases, the mean difference
between the original and perturbed estimates were much smaller than the standard deviation of
those differences, indicating once again that the evidence that our assumptions are badly violated
is weak.

6. Summary

In the absence of knowledge about the measurement error distribution or an instrumental vari-
able such as a replicate, the use of two samples to correct for the effects of measurement error
is well established in the literature. One basic assumption in this approach is that the under-
lying regression function is the same in the two samples. However, all published papers have
assumed that the latent variable X* is measured exactly in one of the two samples. Our paper
does not require such validation data, and is thus the first paper to allow estimation in the
absence of knowledge about the measurement error distribution, of an instrumental variable and
of validation data.

We note two points. First, we have used the terms ‘primary’ and ‘auxiliary samples’, but of
course these can be interchanged. Second, if W is continuous, our results hold, but different
methods of proof are required.

We have provided very general conditions ensuring identifiability: essentially, we require that
the distribution of X* depends on exactly measured covariates, and that this distribution varies in
some way across the two data sets.

Finally, in the presence of a parametric regression model, we have provided a sieve quasi-MLE
approach to estimation, with the measurement error distribution and the distribution of the latent
variable remaining nonparametric. We derived asymptotic theory when the presumed regression
model is incorrectly or correctly specified. Simulations and two examples show that our method
has good performance despite the generality of the approach.

A long version of this paper is available at http://www.stat.tamu.edu/ftp/pub/rjcarroll /2009.
papers.directory/CCH_Long.pdf. It contains more detailed identification results, a second
empirical example, and proofs of the asymptotic normality of our sieve estimator.
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Let £2(X) denote the space of functions with fx |h(x)|?dx < oo. Define the integral operator Ly x : L2(X*) —>

L2(X) as
{Lx|x*h}(x) :[ fx|x*(x|x*)h(x*)dx* for anyh € L:Z(X*), xeX.
X*

Denote W; = {w;} for j =1, ..., J and define the following operators for the primary sample
Lx y\w; S L2Y) = L2(X), (Lx,yyw;h)(x) = / Ixyiw(x, ulw;)h() du,

Lypxsw; : L2Q) — LXHX™), Ly w; (%) = / Frixesw; (] x*)h(u) du,

Lyspw, : L2X*) > L2X%),  (Lxw, W) (&*) = fxejw, ()h(x").

Similarly, we may define Ly xw; L2(X) — L*(Y). We define the operators Ly, xz: L2(X*) —> L2(X,), Lx, Ylw; :
L) = LX), Ly, xsw, + L2Q) = L2X), Ly, + L2 — LX), and Ly, x,w; : LX) = L2)
for the auxiliary sample in the same way. Notice that the operators Lx+«w; and Ly w, are diagonal operators, and the

operators Lx yjw; and Lx, y,|w; are observed from the data.

ASSUMPTION A.1 (i) Lx,y|wj has a right-inverse (denoted as A = (LX,y‘Wj y7h, e nyy‘wl. A = 1. (ii) an,y“‘wj has

a right-inverse.

Assumption A.1(i) is equivalent to saying that the adjoint operator of Lx yjw ; has aleft-inverse, i.e. Ly x|w ; isinjective,

ie. the set {h € L2(X) : Ly xjw;h = 0} = {0}.
Proof of Theorem 2.1  Under Assumption 2.1,
fxwy(,w,y) = /X* Fxpxe (xx®) feewy (0%, w, y) dx™  forall x, w, y.
For each value w; of W, Assumptions 2.1-2.3 imply that
Sxywx, ylw;) =/fX\x*(x\x*)fy|x*,W(y|X*,w,/)fx*|w,-(x*)dx’k,
P 63173 = [ e ) e w O ) g (07 2°
By Equation (A2) and the definition of the operators, we have, for any function 4 € L2 ),

L 00 = [ Fronw et o) du
=f(/ fX\X*(X|X*)fY\X*.W(M|X*,wj)fX*\W,(X*)dX*> h(u) du
=/fx\x*(X\x*)fx*\wj(X*) (f Srixsw@lx™, wj)h(u) du) dx*
=/fx\x*(X\X*)fx*\wj(X*)(LY\X*,wjh)(X*)dX*

= / Fxixx (I (L=yw; Ly s, wy ) (x7) dx*

= (Lxix*Lx+jw; Ly x=,w;h)(x).
This means we have the operator equivalence
Lx y\w; = Lxjx+Lx*jw; Ly|x*,w;
in the primary sample. Similarly, we have in the auxiliary sample,

Lx,.vaw; = Lx,x;Lxgiw; Lyix+w;-

(AD)

(A2)

(A3)

(A4)

(A5)
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note that the left-hand sides of Equations (A4) and (A5) are observed. Assumptions 2.4 and A.1 imply that all the operators
involved in Equations (A4) and (AS5) are invertible. Hence

Ly, valw; Lylyw, = Lxaixa Lxaiw Lyt w, Lxjxe- (A6)
This equation holds for all W; and W;. We may then eliminate L x|x+ to have

ij _ -1 —1 -1 _ ij y—1
an.xa = (LXL,VYM\W,' LX,Y\WJ-)(LXaqu\W:LX,Y|W,-) = LXaIX(*ILXj,LX,,\Xj,' (A7)
The operator L’;a x, on the left-hand side is observed for all i and j. An important observation is that the operator LZ* =
(Lx,ﬂw,- L}iIWj Ly w, L;‘% W, ) 1 L2(X*) — L£2(X*)is adiagonal operator defined as (Ll)?;7 h)(x*) = kl)z; (x*)h(x*) with
k;* (x*) defined in Equation (1). Equation (A7) implies a diagonalisation of an observed operator L%a_ x,- An eigenvalue
of Li)?a, X. equalskgj (x*) for a value of x*, which corresponds to an eigenfunction fx, xx (-[x*).

We now show the identification of fx, x* and k;: (x*). First, we require the operator L%a, x, 10 be bounded so that the
diagonal decomposition may be unique [28, Theorf:m XV.4.3.5, p. 1939]. Equation (A7) implies that the operator L%a, Xa
has the same spectrum as the diagonal operator L"... Since an operator is bounded by the largest element of its spectrum,
Assumption 2.5 guarantees that the operator L')?a x, 1s bounded. Second, although it implies a diagonalisation of the
ij )
Xa.Xa> ¢
by noting that the observed operators L'}J(”. Xa for all 7, j share the same eigenfunctions fy,|xx (-|x*). Assumption 2.5
guarantees that, for any two different eigenfunctions fx, xx(:|x{) and fx, xz(:|x3), one can always find two subsets

operator L Equation (A7) does not guarantee distinctive eigenvalues. However, such ambiguity can be eliminated

W; and W; such that the two different eigenfunctions correspond to two different eigenvalues klxl* (x7) and klx’* (x3) and,
a a
therefore, are identified. [ |

The third ambiguity is that, for a given value of x*, an eigenfunction fy, xx(-|x*) times a constant is still an
eigenfunction corresponding to x*. This ambiguity is eliminated by noting that [ fy, x: (x|x*) dx = 1 for all x*.

Fourth, in order to fully identify each eigenfunction, i.e. fx, xz, we need to identify the exact value of x* in each
eigenfunction fx,xx (-|x*). However, note that assumption 2.6 identifies the exact value of x* for each eigenfunction
Fxaixz Clx®).

After fully identifying the density function fx,xx, we now show that the density of interest fy x+w and fxx=
are also identified. By Equation (A3), we have fx, v,jw, = Lx,|x* fv, xz\w,- By the injectivity of operator Ly, x*,
the joint density fy, xxw, may be identified as follows: fy, yxw, = L}il Xz fX..Y. 1w, - Assumption 2.3 implies that
SYaixzw, = frix=w so that we may identify fy x+ w through

Sra xziw, v, x*|w)
S Fraxziw, (0, x*[w) dy

frixewlx*, w) = for all x* and w.

By equation (A4) and the injectivity of the identified operator Ly x+,w;, we have

Lxx=Lx+w; = LX,Y\W/L;‘IX*_Wf (A8)

The left-hand side of Equation (A8) equals an operator with the kernel function fx_x*‘w=w,. = fx|x* fX'*|W=w,-- Since
the right-hand side of Equation (A8) has been identified, the kernel fx, x*/w=w ; on the left-hand side is also identified.
We may then identify fx x+ through

fX,X*\W:wj (x, x*)
J fxxsw=w; (x, x*) dx

Sxixe (x|x™) = for all x* € X*.

A2. Conditions and asymptotic normality of sieve Q-MLE

A2.1. Rates of convergence

Given consistency Lemma 3.1, we can restrict our attention to a shrinking || - ||;-neighborhood around . Let Aoy = {a €
Al —aolls = o), llalls < co < c}and Agsn = {a € Ay : lla —alls = o(1), [lells < co < c}. We assume that both

Aops and Ay;, are convex parameter spaces, and that £(Z;; & + Tv) is twice continuously differentiable at T = 0 for almost
all Z; and any direction v € Ay.
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‘We define the pathwise first and second derivatives of the sieve loglikelihood in the direction v as

d20(Z;; ) d2¢(Z;: a + tv)
[v,v] =
dr?

dl(Z;; a) dl(Z;; o + tv)
vl=
do dt

B

=0 dadaT

=0

Following Ai and Chen (2007), for any a1, oy € Ags, we define a pseudo metric || - ||, as

d20(Z;; ag)
log — ezl = \/—E (710[111 — o, —(Xz]).

dadaT

—1/4

We show that @, converges to « at a rate faster than n under the pseudo metric || - ||2 and the following assumptions:

ASSUMPTION A2 (i) 5 > y; for j = 1, 1a,2; (i) max{k; /2 k9%, 172} = o([n + ng]~'/4).

a,n

ASSUMPTION A.3 (i) Aoy is convex at oy and 0y € int(0©); (i) £(Z;; «) is twice continuously pathwise differentiable
with respect to a € Ay, and log g(y|x*, w; 0) is twice continuously differentiable at 6.

ASSUMPTION A.4

Az a _
sup  sup i ‘X)[ o —a ”SU(ZI')
aeAps aeAgs, do ”a _ 0‘0”;
for a random variable U (Z;) with E{[U(Z:)]1*} < oo.
ASSUMPTION A.5
() E (d2£(Z,-;ozo)[ ]> e
i sup _p (&) 1) < € < oo
veAgs:llvlls=1 dadaT

(ii) uniformly over & € Aoy and a € Agsy, we have

E <d2£(Z,~; @)

TdaT @00 @ = ao]) =l —aol3 x {1 +o(1)}.

The assumptions are straightforward and standard. The following convergence rate theorem is a direct application of
[27, Theorem 3.2] to the local parameter space Ao, and the local sieve space Ay, ; hence, we omit its proof.

THEOREM A.1 Lety = min{y1/2, y1a/2, v2} > 1/2. Under assumptions 3.1-A.5, ifky , = O([n + ng ]Vt kian =
O(In + nal" "tV and ky , = O(In + na"/@2*D), then

@ — ol = Op([n +na 7Y@ *D) = op([n + nal ™).

A2.2. Conditions for asymptotic normality

We also define an inner product corresponding to the pseudo metric || - ||2:
d2(Z;; ao)
) =—-FE|——=—|v, )
(v1, v2)2 [ doda™ [vi, v2]

where

d*0(Z;; ao)[ ! d20(Z;; og + T1v1 + T202) |

V1, U = =17=0-

dodaT b2 drydn u=n=0

Let V denote the closure of the linear span of A—{co} under the metric | - ||2. Then (V, || - ||2) is a Hilbert space and we can

represent V.= R% x U withltd = F| x Fiq x Fo x Fa — {(for, foras foz. foza)}-Leth = (fi, fia: f2, foa) denote all
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951 the unknown densities. The pathwise first derivative can be written as
952 de(Z;; ag) de(Z;: o) de(Z; ap)
953 T el = g O = 00+ = ol
954 _(MZian) duZiao) N
955 =\ ar . o
956 with i — ho = —pu x (8 — 6p), and in which
957 dUZiao) o dUZi60, ho(1 =) + Th)
958 T[ ol = i lr=0
959 de(Z;; a i
is O) dZ(Zl s 050) .
960 7[f fl]+W[fla_f01a]
is Qo) de(Z;; ap)
962 f[f So2l + dfT[fza — fo2al-
963 Note that
964 2 2 2 2
d=l(Z;; o) 1, [ 4UZi; ) d=4(Z; ap) d=4(Z; ap)
E|\ ———[a —ap, a0 — = (6 — 6 E — s 6 — 0y),
965 ( dodaT [0 —ap, o OlOJ> ( o) 20407 J0dnT [u]+ i dnT [, 1l ) ( o)
ggg withh — hg = —pu x (0 — 6p), and in which
d2e(Z; ap) d(34(Z; 6y, ho(1 — 1) + Th)/36)
ggg —oarh—hol = = =0,
d>e(z; d2e(Z; 6y, ho(1 — h
970 7(”(1(”1‘;‘“) h — ho, h — ho] = S5 3(2 nr,
971 ' _
972 For each component ok (of 0), k =1, ..., dy, suppose there exists a /,L*k € U that solves:
824(Z; d*e(z; d*e(z;
973 ll*k5 inf E ( [([:040)_2 ,(v’O[O)[ k]+ ( 3010)[ 1(’ k]) ]
974 ukeli 90k pek 90kanT dh dhT
975 Denote u* = (u*', u*2, ..., w*%) with each u** € U, and
976
dl(Z;ap) . dU(Z; o) . 4y dUZ;a0) . 4
977 — W= —W" ... — 1),
dh dh dh
78 ?UZ;a0) ., UZ; a0) d2UZ;00) . 4y
79 soant 1= Th0an Wl g )
980
d?e(Z; ap) d?e(Z; ap)
981 , | e AN it | e )
982 d%0(Z; ap) 1] = d
dh dhT DA
& S S
dhdh dhdh
985 Also denote ) N N
0°U(Z; ap) d<l(Z; ap) d<e(Z; ap)
986 Ve=—E - * * A9
087 y 90007 soant It g | ] 49)
088 Now we consider a linear functional of «, which is AT9 for any A € R% with A # 0. Since
989 wp WO—wP (6 — 60)TA1T (6 — 6)
990 a—ap20  llor — |3 0200120 (0 — 00)T E{—((d*£(Z;; 0))/(d0dO™) — 2(d*E(Z; 9)) / (dOdRT ) [u]
991 +(d*(Z; @0))/(dh dRT) [, u)}(O — 6o)
T —1
992 =1 (Vi) A,
993 the functional AT(6 — 6y) is bounded if and only if the matrix Vj is nonsingular.
994 Suppose that V, is nonsingular. For any fixed A # 0, denote v* = (vj, vj;) with v} = (V)" and Vi = —p* X g
995 Then the Riesz representation theorem implies: AT(O — 6p) = (v*, @ —ap)y forall @ € A. In the longer version of this
996 paper, we establish the following:
997 T A ‘A 1 &z, i
A (O —6p) = (U, — )2 = [V ] +op{(n +ns)~ 7). (A10)
998 W, & da
999 Denote Ny = { € Ag, : ll — olla = o([n + na 1"V} and Now = (@ € Ao * e —olla = o[ + n]~1/)}. We

1000 impose the following additional conditions for asymptotic normality of sieve quasi MLE 6,
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ASSUMPTION A.6  p* exists (i.e. u** € afor k=1,...,dp), and V, is positive-definite.

ASSUMPTION A.7 There is a v} € A,—{ap}, such that ||vf —v*|l2 =0(1) and ||v} —v*|l2 x &y —aoll2 =

op(l/y/n+na).

ASSUMPTION A.8 There is a random variable U (Z;) with E{[U(Z;)]*} < oo and a non-negative measurable function n
with lims_,0 n(8) = 0, such that, for all o € No,

d*e(z;; @)

TodaT <U(Z) x n(lle — aglls)-

[a — ap, vj]

aeNp

ASSUMPTION A.9  Uniformly over @ € Ny and a € Ny,,

. dzz(z,-;a)[ . dzé(Zi:ao)[ ) = 1
dada™ @700 UT Taaget T =0\ i, )

ASSUMPTION A.10  E{((d¢(Z;; )/ (da)[vyy — v*1)?} goes to zero as lvF —v*|l2 goes to zero.

Assumption A.10is automatically satisfied when the latent parametric model is correctly specified. Recall the definitions
of Fisher inner product and the Fisher norm:

de(Z;; de(Z;;
(w1, v2) = E {(w[vlg <%[vz]>}, ol = /o, v).

do
Under correct specification, g(y|x*, w; o) = fyjx*w(ylx*, w), it can be shown that |[v|| = [lv[2 and (vi, v2) =
(v1, v2)7. Thus, the space V is also the closure of the linear span of A—{a} under the Fisher metric || - ||.
Suppose that  has dg components, and write its kth component as 8%, Write p* = (u*!, u*2, ..., u*%), where we
sk —

*k *k sk #k\T
(U5 Wi 3" 5 5g)

. " 2
. E:<de(z,,ao) B dazl,ao)mk]) }

compute [ € U as the solution to

ket dok dh
WZiw) dMZioy) | Ziew) 2
- inf E ok an dfiy e
(1. 11q. 12, 2q) T €U _dE(Zi; @) wsl — de(Zi; o) [12a]
de d.qu “

Implicitly, this defines (d¢(Z;; ag))/dh[*]. Then Sy, = (d€(Z;; «0))/d6T — (d€(Z;; ag))/dh[1*] becomes the semi-
parametric efficient score for 6, and
L. = E[S},Ss,] = Vs (A11)
becomes the semiparametric information bound for 6.
We refer readers to the longer version for the proof of the asymptotic normality Theorem 3.1.





